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ABSTRACT: Shape memory alloys (SMAs) present a rate-dependent behavior, which
means that the thermomechanical response depends on the loading rate. Therefore, although
martensitic transformation can be considered as a non-diffusive process, the phase transfor-
mation critical stresses are temperature dependent and, since heat transfer process is time
dependent, it affects the thermomechanical behavior of SMAs. This article deals with the
rate dependence of SMAs, proposing a 1D constitutive model to describe this effect.
The proposed model is formulated within the framework of continuum mechanics and ther-
momechanical coupling terms of the energy equation are incorporated in the formulation in
order to describe the rate-dependent behavior. Numerical simulations are carried out compar-
ing results with experimental data available in literature for different loading rates and envi-
ronmental media, presenting a close agreement. Afterwards, numerical tests are performed in
order to evaluate the model capabilities showing that it is capable to capture the general
thermomechanical behavior of SMAs.

Key Words: shape memory alloys, thermomechanical coupling, constitutive model, rate
dependency.

INTRODUCTION

S
HAPE memory alloys (SMAs) present complex ther-
momechanical behaviors related to different physi-

cal processes, such as pseudoelasticity, shape memory
effect, which may be one-way (SME) or two-way
(TWSME), and phase transformation due to tempera-
ture variation. Besides, there are more complicated phe-
nomena that have significant influence over its overall
thermomechanical behavior, for instance: plastic beha-
vior, tension�compression asymmetry, plastic-phase
transformation coupling, transformation-induced plasti-
city, and thermomechanical coupling, among others.
The hysteretic response of SMAs is one of their essential
characteristics being related to the martensitic phase
transformation. The hysteresis loop may be observed
either in stress�strain curves or in strain�temperature
curves and, in brief, it is possible to say that the external
hysteresis loop can be defined as the envelope of all

internal hysteresis loops, usually denoted as subloops
(Bo and Lagoudas, 1999).

The thermomechanical behavior of SMAs has been
described by different mathematical models that capture
the main aspects of these alloys. The macroscopic
approach is interested on SMAs phenomenological fea-
tures. Paiva and Savi (2006) present an overview of the
main macroscopic models discussed in literature and just
to mention some of the references cited there one could
refer to: Tanaka and Nagaki (1982); Liang and Rogers
(1990); Brinson (1993); Boyd and Lagoudas (1996);
Fremond (1996); Auricchio et al. (1997); Bernardini
and Pence (2002, 2005); Ziólkowski (2007). As it is well
known, SMA devices present a rate-dependence charac-
teristic, which means that the thermomechanical respo-
nse depends on loading rate (Shaw and Kyriakides, 1995;
Tobushi et al., 1998; Prahlad and Chopra, 2001, 2003;
Iadicola and Shaw, 2004; Chang et al., 2006; Auricchio
et al. 2006; Kadkhodaei et al., 2007; Thiebaud et al.,
2007; Zhu and Zhang, 2007; Davis et al., 2008;
Grabe and Bruhns, 2008; Yoon, 2008; Dayananda
and Subba Rao, 2008; Heintze and Seelecke, 2008).
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The phase transformation critical stresses are tempera-
ture dependent and, since the heat transfer process is
time dependent and occurs in a large time scale, the
thermomechanical behavior of SMAs is affected by the
thermomechanical coupling. Some authors point that
this behavior exclusively results from the thermomecha-
nical coupling effect associated with the latent heat due
phase transformation (Shaw and Kyriakides, 1995;
Auricchio et al., 2007). The thermomechanical coupling
is related to an exothermic process that occurs during the
phase transformation from austenite to martensite and
also an endothermic process associated with the reverse
transformation. Martensitic transformation can be con-
sidered as a non-diffusive process for many practical
situations where martensitic transformation occurs at
rates close to the speed of the material shear wave
(Iadicola and Shaw, 2007).
This article deals with the rate dependency in SMAs

proposing a constitutive model to describe this effect.
This description is done by considering the thermome-
chanical coupling terms in the energy equation. A con-
stitutive model that is capable to describe the main
thermomechanical features of SMAs in a flexible way
is of concern (Savi et al., 2002; Baêta-Neves et al.,
2004; Paiva et al., 2005; Savi and Paiva, 2005).
Basically, this 1D constitutive model considers different
material properties to each phase and four macroscopic
phases for the description of the SMA behavior. The
model also considers the plastic strains and plastic-
phase transformation coupling, which allows the
description of the two-way shape memory effect.
Moreover, tension�compression asymmetry is taken
into account. The proposed model is formulated
within the framework of continuum mechanics.
Numerical simulations are carried establishing a com-
parison with experimental data available in literature
for different loading rates and environmental media.
Numerical results present a close agreement with exper-
imental tests. Afterwards, numerical tests are performed
in order to show the model capabilities. Different ther-
momechanical loadings are of concern, conducting tests
in different temperatures, loading rates, and environ-
mental media. Moreover, effects related to plasticity
are analyzed for different situations.

MATHEMATICAL MODELING

The thermomechanical behavior of solids may be
modeled in the framework of continuum mechanics. In
order to introduce a general formulation, a brief review
concerning first and second principles of thermodynam-
ics is presented. The local form of the Clausius�Duhem
inequality for the 1D case may be written as follows:

� _"� �ð _ þ s _TÞ �
q

T

@T

@x
� 0 ð1Þ

where the dot means time derivative, q is the specific
mass, W is the Helmholtz free energy, s is the specific
entropy, T is the temperature, r is the uniaxial stress, " is
the total strain, q is the heat flux, and x represents the
1D spatial coordinate. As a first hypothesis concerning
the constitutive modeling, it is assumed that the
Helmholtz free energy density is a function of a finite
set of variables:

 ¼  ð", "i,T,VÞ, ð2Þ

where "i is the inelastic strain and V represents a set of
internal variables. Since
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the Clausius�Duhem inequality may be rewritten as
follows:
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Motivated by the Clausius�Duhem inequality, the
generalized standard material approach based on ther-
modynamical formalism establishes the following defini-
tions of the thermodynamical forces (Lemaitre and
Chaboche, 1990),
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In order to describe irreversible processes, comple-
mentary laws are defined from a pseudo-potential of
dissipation that is a function of internal variables:

’ ¼ ’ð"i,V, qÞ: ð7Þ

The thermodynamical formalism establishes that if
this potential u is a positive convex function that
vanishes at the origin, the Clausius�Duhen inequality
is automatically satisfied by defining the thermodynam-
ics fluxes as follows (Lemaitre and Chaboche, 1990;
Fremond, 1987, 1996):

�i ¼
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Alternatively, these thermodynamics fluxes may be
obtained from the dual of the potential of dissipation
’�ð�i,B, �Þ allowing the definitions:

_"i ¼
@’�

@�i
; _V ¼

@’�

@B
and q=T ¼ �

@’�

@�
: ð9Þ
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At this point, it is necessary to establish the energy
conservation equation given by the first law of
thermodynamics:

� _ ¼ � _"�
@q

@x
��T_s� � _Ts: ð10Þ

Since we are interested in a single point description,
spatial variations are neglected and a convection bound-
ary condition is assumed. Therefore, the first law of
thermodynamics has the following form:

�cp _T ¼ �hðT� T1Þ þ � _"i þ B _V
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where cp is the specific heat at constant pressure, h is the
convection coefficient, T1 is the environmental tem-
perature. The first term on the equation right side is
the convection term whereas the others are associated
with the thermomechanical coupling.

CONSTITUTIVE MODEL

There are different ways to describe the thermome-
chanical behavior of SMAs (Paiva and Savi, 2006).
Here, a constitutive model that is built upon the
Fremond’s model and previously addressed in different
references (Savi et al., 2002; Baêta-Neves et al., 2004;
Paiva et al., 2005; Savi and Paiva, 2005) is employed.
This model considers different material properties for
the description of the SMA behavior. The ten-
sion�compression asymmetry, the plasticity and the
plastic-phase transformation coupling are incorporated
in the model. The thermomechanical coupling is of con-
cern and the continuum mechanics framework, briefly
presented in the previous section, is employed to obtain
the general constitutive equations. Four macroscopic
phases are assumed: austenite A, twinned martensite
M positive detwinned martensite Mþ, and negative det-
winned martensite M�. Here, besides elastic strain "e

and temperature T, plastic behavior is treated by assum-
ing variables related to isotropic and kinematics hard-
ening, respectively, � and �. These variables come from
classical plasticity representing the way of how plastic
strains modify the yield surface. Under these assump-
tions, the Helmholtz free energy density of each isolated
phase is given by:
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These functions consider the following material
parameters, where subscript A is assumed for austenitic
phase while M is used for martensitic phase: E is the elas-
tic modulus, X is related to thermal expansion coefficient,
K is the isotropic hardening parameter, andH is the kine-
matics hardening parameter; T0 is a reference tempera-
ture, aT and aC are related to the stress�strain hysteresis
loop size. Finally, � is a temperature-dependent function.

Now, it is possible to define the mixture free energy
density, defining volume fractions for each phase: �1 and
�2 are respectively, the positive Mþ and negative M�

detwinned martensite, �3 is associated with austenitic
phase A and �4 is related to twinned martensite M.
Since �4 ¼ 1� �1 � �2 � �3 it is possible to write an
equation with only three volume fractions as follows:

 ð"e,T, �,�,�1,�2,�3Þ ¼
X3
n¼1

�n n þ J� ð16Þ

where J� ¼ J�ð�1,�2,�3Þ is the indicator function
related to the convex set �, associated with the phase
coexistence, that has the following form:

�¼f�n 2R 0j � 1ðn¼ 1,2,3Þ; �1þ�2þ�3¼ 1g: ð17Þ

By assuming an additive decomposition
"e ¼ "� "p � �Th�1 þ �

C
h �2 where "p is the plastic strain,

�Th and �Ch are related to the horizontal size of the
stress�strain hysteresis loop. Therefore, the free energy
density can be written in an expanded form:
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It should be noticed that the material parameters of
the mixture is defined by a rule of mixtures with the
following form:

E ¼ EM þ ðEA � EMÞ�3, � ¼ �M þ ð�A ��MÞ�3

ð19Þ

K ¼ KM þ ðKA � KMÞ�3,
1

H
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þ
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�
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�3
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Moreover, temperature-dependent functions are
assumed, given by:

�1 ¼ �4 � �1 ¼
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At this point, the definitions discussed in the previous
sections are employed, and the thermodynamical forces
are obtained:
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where @kðk ¼ 1, 2, 3Þ are sub-differentials of the indicator
function J� with respect to volume fraction
(Rockafellar, 1970).

The dissipation process is governed by comple-
mentary laws where definition may be associated with
the dual of the potential of dissipation defined as
follows:
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At this point, it should be highlighted that the form of
this pseudo-potential establishes a coupling between
thermodynamical forces related to phase transforma-
tion, Bi (i¼ 1, 2, 3), and plasticity, represented by Y
and Z. This means that the phase transformation may
change plastic yield surface and vice-versa. Under this
assumption, 	ci represents a parameter responsible for
the isotropic hardening coupling while 	ck represents
the kinematics hardening coupling. This kind of cou-
pling is responsible for the description of the TWSME
and the reader can find a more detailed discussion in
Paiva et al. (2005) and Savi et al. (2002). Moreover,
parameters 	1, 	2, and 	3 represent the internal dis-
sipation related to the phase transformation and
J
 ¼ J
ð�1,�2,�3, _�1, _�2, _�3Þ is the indicator function
of the convex set 
 used to describe subloops due to
incomplete phase transformation and also to avoid
improper transformations among martensitic variants
(Mþ !M and M� !M for instance).


¼ _�k 2R
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_" _�2� 0 and _" _�3� 0 if "0< 0
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for _� 6¼ 0, where "0 ¼ "��ðT� T0Þ=E. On the other
hand, for _� ¼ 0,
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¼ _�k 2R
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In the 
 set, �S1 and �S2 represent the volume fraction
of detwinned martensite in the beginning of phase trans-
formation and �CritM is the critical stress. Jf is the function
associated with the yield surface, defined as follows:

fðX,Y,ZÞ ¼ XþHZj j � ð�Y � YÞ ð33aÞ

Or alternatively,

fð�,�, �Þ ¼ � þ �j j � ð�Y � K�Þ ð33bÞ

Therefore, the thermodynamics fluxes are given by:
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Once again, it should be highlighted that there is a
coupling between plastic and phase transformation
behaviors. At this moment, there is a set of constitutive
equations that describes the thermomechanical 1D
behavior of SMAs:
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_� ¼ _"pj j þ 	cið _�1 þ _�2 � _�3Þ ð45Þ

_� ¼ H _"pj j þ 	ckð _�1 þ _�2 � _�3Þ ð46Þ

In order to contemplate different aspects of phase
transformation kinetics, parameter 	iði ¼ 1, 2, 3Þ may
assume different values for cases of loading or unloading
behaviors:

	i ¼ 	
L
i if _" � 0

	i ¼ 	
U
i if _" < 0

�
ð47Þ

Moreover, in order to establish a temperature depen-
dence of the yield limit, the following expression is
considered:

�Y ¼ �
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�Y ¼
�MY ðTA�TÞ þ �

A;i
Y
ðT�TMÞ
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where TF is used to determine the angular coefficient of
this linear interpolation.

The temperature variation is described by the energy
equation that incorporates thermomechanical coupling
terms as follows:

�cp _T¼ hAðT�T1Þþ� _"pþB1
_�1þB2
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þB3
_�3þY _�þZ _�
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NUMERICAL SIMULATIONS

In order to evaluate the model capability to describe
the thermomechanical coupling of SMAs, a numerical
procedure developed by Savi et al. (2002) and Paiva
et al. (2005) is employed to deal with the non-linearities
in the formulation. Basically, the procedure employs
an operator split technique together with an
iterative process, using a projection algorithm to
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treat the sub-differentials. By using this procedure,
numerical simulations are carried out for different phys-
ical situations. Thermal problem is treated by consider-
ing any classical integration scheme as Euler or
Runge�Kutta method. Both approaches are tested pre-
senting similar results.
An important aspect concerning the numerical simu-

lation is the convection coefficient, h. A procedure is
employed in order to obtain a temperature-dependent
coefficient, here presented for vertical cylinders
(Incropera and Dewitt, 2001):

h ¼
kNu

l
ð50Þ

where k is the heat conduction coefficient and Nu is the
Nusselt number defined as follows:

Nu1=2 ¼ 0:825þ
0:387Ra1=2L

½1þ ð0:492=1PrÞ9=16�8=27

for 10�1 < Rai < 1012 ð51Þ

and Ra is the Rayleigh number given by:

Ral ¼
g!ðT� T1Þl

3

�
ð52Þ

where g is the acceleration of gravity, x is the thermal
expansion coefficient, T is the body temperature, T1 is
the oncoming fluid temperature, l is length of cylinder, �
is the kinematic viscosity, and  is the thermal diffusiv-
ity. Note that the subscript designates the length on
which it is based.
Figure 1 presents simulation results for an SMA wire

of 0.03mm diameter (w1) and an SMA wire of 0.6mm
diameter (w2) subjected to natural convection

considering a temperature dependent (updated h) and
a constant convection coefficient (average h). Results
for both approaches are in close agreement with exper-
imental tests obtained by Prahlad and Chopra (2003).

At this point, let us consider a verification of the
model comparing numerical results with those obtained
from experimental analysis presented by Shaw and
Kyriakides (1995). These experimental tests consider
NiTi wires of 1.07mm diameter and subjected to differ-
ent loading rates at distinct temperatures and different
media. The proposed model matches the experimental
data by assuming model parameters presented in
Table 1. Plastic parameters are omitted since this behav-
ior is not in focus at this moment. Tension�compression
asymmetry is also neglected in this analysis assuming
�T ¼ �C ¼ � and �Th ¼ �

C
h ¼ �h, LT ¼ LC ¼ L,

LT
0 ¼ LC

0 ¼ L0, and 	1 ¼ 	2 ¼ 	. The model verification
considers a tensile test at environmental temperature
T1 ¼ 70�C and three different loading rates
_" ¼ 0:04 s�1 (Figure 2), _" ¼ 0:004 s�1 (Figure 3),
_" ¼ 0:0004 s�1 (Figure 4). Figures 2�4 present the
stress�strain curves together with the temperature evo-
lution of tests performed with air as an environmental
medium. Note that the thermomechanical coupling
causes a temperature increase during austenite�
martensite phase transformation and a temperature
decrease during reverse transformation. This behavior
affects the stress�strain curves that present a hysteresis
loop reduction for faster loading rates.

Similar tests are now performed by assuming water as
an environmental medium. Once again, numerical and
experimental data are in close agreement. Since the
water as an environmental medium causes a better bal-
ance between the thermomechanical coupling and the
heat convection, it is noticeable that these tests are
related to low temperature variations when compared
with those in air medium (Figures 5�7).

The balance between heat generation due to phase
transformations and convection may be better under-
stood by considering tests with different, constants,
values of the convection coefficient, h, with a loading
rate _" ¼ 0:04 s�1. Figure 8 presents stress�strain curves
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Figure 1. Comparative results between an SMA wire (w1) and (w2)
cooling under natural convection.

Table 1. Model thermomechanical properties (Shaw and
Kyriakides, 1995).

Material properties

EA (GPa) EM (GPa) a (MPa) ah L0 (MPa)
67 25 120 0.0335 1
L (MPa) LA

0 ðMPaÞ LA (MPa) XA (MPa/K) XM (MPa/K)
1 0.1 90 0.74 0.17
	L (MPa s) 	U (MPa s) 	L

3
ðMPa sÞ 	U

3
ðMPa sÞ q (kg/m3)

1 2.5 1 2.5 6450
cp (J/K) TM (K)
600 272
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and temperature variations for these tests assuming dif-
ferent hypothetical values of h, showing that the increase
of the coefficient h tends to cause less variations in
stress-strain curves and in temperature values.

Another important aspect of the thermomechanical
coupling modeling is that the temperature variation due
to phase transformation does not occur when martensitic
reorientation takes place. In order to observe this
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phenomenon, numerical tests are carried out simulating
tensile tests with air as an environmental medium with
different temperatures. The stress�strain curves together
with temperature variations for these tests are presented

in Figure 9 showing that temperature variations decrease
as environmental temperature decreases and, therefore,
martensitic reorientation is taking place instead of
the austenite�martensite transformation. Note that
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martensitic reorientation occurs at T1 ¼ �20
�C. All

other temperatures are assuming an austenitic initial
state and, therefore, it is related to an austeni-
te�martensite and its reverse phase transformation.
The SMA specimen is now subjected to different

cyclic loadings considering different frequencies.

Basically, 20 cycles are considered at a temperature
T1 ¼ 70�C in air medium. Initially, let us con-
sider that the mechanical loading is applied at 0.3HZ
representing a loading rate _" ¼ 0:047 s�1 (Figure 10).
Under this condition, the SMA presents tempera-
ture oscillations due to phase transformation.
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This frequency causes a proper balance between
phase transformations and the heat convection and, as
a consequence, the stress-strain curves present just
a small variation from one cycle to another. By increas-
ing the frequency to 1HZ (Figure 11) at _" ¼ 0:2 s�1,

the system response is significantly altered by
temperature variations. Note that heat convection
effect tends to decrease due to high frequency loadings.
By changing the frequency to 30HZ at _"� 1:08 s�1

(Figure 12) the SMA behavior presents an even more
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evident influence and the hysteresis loop is completely
modified.
Thermomechanical coupling may induce some ten-

sion�compression asymmetry since the increase of tem-
perature causes a small difference on stress�strain curve.
SMAparameters presented in Table 2 are used in order to
match experimental tests made by Tobushi et al. (1998)
for tensile tests, without asymmetry (Paiva et al., 2005).
Figure 13 shows the SMA behavior for two different
loading history: the first one considers tension and then
compression (left side) while the second is the opposite
situation (right side). Basically, due to different temper-
ature variations that are related to thermal expansion
terms, these two different loading histories can cause an
asymmetric behavior in tension�compression response.
Figure 14 shows the temperature evolution, showing dif-
ferences that are responsible for the asymmetric behavior.
Notice, however, that this asymmetry is just due to the
thermomechanical coupling being not related to other
mechanisms of SMA stress�strain asymmetry that
causes smaller recoverable strain levels, higher critical
transformation stress levels, and steeper transformation
stress�strain slopes (Gall et al., 1999; Gall and Sehitoglu,
1999) that could also be captured by the proposed model
as presented in Paiva et al. (2005).

Let us now consider some simulations related to plas-
tic behavior. The plasticity contributes to thermomecha-
nical coupling effects and, therefore, let us treat some
numerical simulations considering tensile tests of an
SMA specimen in different temperatures, where model
parameters are presented in Table 3. For high tempera-
tures, there is a tendency that the material plastification
occurs before the phase transformation. Hence, it is pos-
sible to compare the temperature variations due to phase
transformation and plasticity. Basically, our tests treat
three different environmental temperatures: 80�C
(related to a martensitic state), 100�C (associated with
an austenitic state), and 170�C (related to an austenitic
state where plasticity occurs before the phase transfor-
mation due to the decrease of the yield limit caused by
temperature). Figure 15 presents stress�strain curves of
these tests while Figure 16 shows their temperature ana-
lysis, presenting the temperature variation against the
total strain and the plastic strain. The mechanical
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Figure 13. Stress�strain curves for two different paths of tension�compression loads at _"¼ 0.04 s�1: tension first (left) and compression first
(right).

0
–20

–10

0

10

20

30

40

50

60
Tension first

Compression first

DT
 (

°C
)

ecum (%)

5 10 15 20 25 30 35

Figure 14. Temperature-accumulated strain curves for two different
paths: tension first and compression first loads at _" ¼ 0:04 s�1.

Table 2. Model thermomechanical properties adjusted
from experimental data (Tobushi et al., 1998).

Material properties

EA (GPa) EM (GPa) a (MPa) ah L0 (MPa)
54 42 330 0.055 1
L (MPa) LA

0 ðMPaÞ LA (MPa) XA (MPa/K) XM (MPa/K)
41.5 0.63 185 0.74 0.17
gL (MPa.s) 	U (MPa.s) 	L

3 ðMPa:sÞ 	U
3 ðMPa:sÞ q (kg/m3)

1 2.7 1 2.7 6450
cp (J/K) TM (K)
600 291.4
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loading of all three cases is such that causes plastic
deformation. When T1 ¼ 80�C there is a martensitic
reorientation before the plastification. The temperature
change occurs just due to the plastification since the
martensitic reorientation does not produce temperature

variations. When, T1 ¼ 100�C; an austenite�martensite
transformation takes place before the plastification.
Under this condition, there are two sources of tempera-
ture variations: phase transformation and plastification.
Therefore, this situation has greater variations when
compared with the other situations. Finally, when,
T1 ¼ 170�C, the plastification occurs before the phase
transformation has taken place. Temperature variations
are, therefore, only due to the plasticity.

CONCLUSIONS

This article discusses a phenomenological model to
describe the SMA rate-dependent behavior by consider-
ing thermomechanical coupling. The model is built upon
a previous version developed by Paiva et al. (2005)
incorporating the thermomechanical coupling in
energy equation. Numerical simulations establish a com-
parison between numerical and experimental results
available in literature showing a close agreement for dif-
ferent loading rates and environmental media. After the
model verification, some numerical tests are carried out.
The cyclic response of an SMA specimen is investigated
showing the importance of the balance between loading
rate and heat convection. Moreover, some interesting
situations may be observed due to thermomechanical
coupling effects as a tension�compression asymmetry.
The influence of plasticity is also treated showing its
importance in the temperature variations. We can con-
clude that the model is capable to capture the general
thermomechanical behavior of SMAs, proper describing
the rate-dependent characteristics and the thermome-
chanical coupling aspects.
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_"¼ 0.04 s�1: including phase transformation and plasticity effects.

Table 3. Model thermomechanical properties.

Material properties

EA (GPa) EM (GPa) a (MPa) ah L0 (MPa)
70 18 225 0.055 4
L (MPa) LA

0ðMPaÞ LA (MPa) XA (MPa/K) XM (MPa/K)
10 1 120 0.74 0.17
	L ðMPa:sÞ 	U ðMPa:sÞ 	L

3 ðMPa:sÞ 	U
3 ðMPa:sÞ � ðkg=m3

Þ

1 2.5 1 2.5 6450
cp (J/K) TM (K) HA (GPa) HM (GPa) KA (GPa)
600 363 0.4 0.2 0.1
KM (GPa) �Ai

Y ðGPaÞ �Aj
Y ðGPaÞ �M

Y ðGPaÞ
0.1 0.98 0.65 0.75
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