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Abstract Transformation induced plasticity is

defined as the plastic flow arising from solid state

phase transformation processes involving volume and/

or shape changes without overlapping the yield

surface. This phenomenon occurs in shape memory

alloys (SMAs) having significant influence over their

macroscopic thermomechanical behavior. This con-

tribution presents a macroscopic three-dimensional

constitutive model to describe the thermomechanical

behavior of SMAs including classical and transfor-

mation induced plasticity. Comparisons between

numerical and experimental results attest the model

capability to capture plastic phenomena. Both uniaxial

and multiaxial simulations are carried out.

Keywords Shape memory alloys �
Classical plasticity � Transformation induced

plasticity � Constitutive model � Numerical
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1 Introduction

Shape memory alloys (SMAs) belong to the class of

smart materials that have complex thermomechanical

behavior related to different physical phenomena.

Basically, the coupling between different physical

fields establishes the remarkable properties of SMAs.

Among the main behaviors, shape memory effect

should be highlighted, where the specimen can recover

its original geometry by the imposition of a proper

thermomechanical loading process. Pseudoelasticity

or superelasticity, two-way shape memory effect,

phase transformation due to temperature variation,

internal subloops due to incomplete phase transfor-

mation, and tension–compression asymmetry are

other important behaviors identified on SMAs

[17, 25].

Plastic behavior of SMAs can be described by two

different mechanisms: classical plasticity and trans-

formation induced plasticity (TRIP). The classical
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plasticity arises from applied stress or temperature

variation when yield surface is reached. On the other

hand, TRIP results from internal stresses arising either

from the volume change associated with the transfor-

mation or from the accompanying shape change

without reaching the yield surface of the weaker phase

involved [7, 8, 12, 13, 20, 23, 36].

TRIP phenomenon is usually associated with two

distinct physical mechanisms, which have been pro-

posed by Greenwood and Johnson [14] and Magee

[22]. The Greenwood-Johnson effect is admitted to be

due to an accommodation process of the microplas-

ticity associated with a volume change. The Magee

effect, on the other hand, is due to an orientation effect

that arises from a shear internal stress state, which

favors the thermodynamically preferred orientation

direction for martensite formation in the presence of

an external stress field, involving shape change.

According to Greenwood and Johnson [14], TRIP is

due to the compactness difference between parent

(austenite) and product (martensite) phase lattice

structures. During martensitic transformation, this

difference results in a volume change, producing a

microscopic internal stress state, responsible for

microscopic plasticity in the weaker phase (with the

lower yielding stress). Without external applied stress,

the average of these internal stresses generally

vanishes and, from macroscopic point of view, only

global variation of the volume is observed. In order to

understand the Magee effect, consider the martensitic

formation process on cooling. During its nucleation,

martensite develops plates that grow and generate

large amounts of shear stress in the parent austenitic

matrix [7]. When external load is not applied, the plate

orientation is generally random, which makes the

macroscopic resultant of the microscopic internal

stresses average out null. An external applied load

triggers an alignment of these martensitic plates with

the loading stress direction. This external load is

responsible for an internal stress state increase that no

more will macroscopically average out null [34].

Many efforts have been done towards TRIP mod-

eling [3, 7, 10, 19, 20, 23, 36–35, 44]. The majority of

these models focuses on micro scale features of the

TRIP. Moreover, some of them discard the Magee

effect under some reasonable considerations for

particular studies.

Concerning TRIP effect on SMAs, it should be

pointed out that SMAs present reversible phase

transformations that are different from common steels.

Hence, after a cyclic loading, SMA presents a TRIP

strain generated by a competition between the ones

generated during forward and reverse transformations

[43]. Some studies related to cyclic loading responses

of SMAs should be highlighted, such as: Tanaka et al.

[37], Piecyska et al. [28], Lagoudas et al. [16],

Auricchio et al. [1], Kang et al. [15] and Yu et al.

[41]. The main characteristic observed in the stress–

strain curves during cyclic loading process is the

reduction of the phase transformation stress and the

increase of the residual permanent strain, which

characterizes the TRIP effect [1]. This feature estab-

lishes a training process in order to stabilize stress–

strain curves before the use of SMA for applications.

Paradis et al. [27] simulated the degradation behavior

of NiTi shape memory alloy observed during uniaxial

cyclic loading. Freed and Aboudi [9] investigated

thermomechanical coupled SMA model for compos-

ites undergoing TRIP effect. Entchev and Lagoudas

[6] and Lagoudas and Entchev [18] discussed the

modeling of the TRIP effect for porous SMAs. Zaki

and Mounmi [42] discussed a three-dimensional

model to describe SMA behavior subjected to cyclic

loadings. Cissé et al. [4], Sakhaei and Lim [29] and

Chemisky et al. [2] are other research efforts to treat

SMA subjected to cyclic loading process.

Yu et al. [40, 39] proposed a one-dimensional

constitutive model by considering two different

inelastic deformation mechanisms: phase transforma-

tion and TRIP. The proposed model employed evolu-

tion rules associated with the dislocation slipping in

the austenite phase near the austenite–martensite

interfaces. In addition, anisotropic cyclic deformation

of superelastic NiTi was of concern.

This paper presents a three-dimensional constitutive

model with internal constraints, which accounts for

both classical and transformation induced plasticity.

The proposed model is an extension of the one

presented by Oliveira et al. [24] that is inspired on the

one-dimensional model presented in Paiva et al. [26].

The goal of this work is to describe the macroscopic

manifestation of the TRIP phenomenon on SMAs,

exploring its influence on cyclic loadings. Classical

plasticity is also incorporated on the proposed
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constitutive model. Comparisons between numerical

and experimental results are used to show the model

ability to capture the general thermomechanical behav-

ior of SMAs, including TRIP and classical plasticity.

Numerical simulations are carried out considering both

uniaxial and multiaxial tests in order to evaluate

saturation mechanisms during cyclic loadings.

2 Constitutive model

The three-dimensional description of SMA thermome-

chanical behavior is based on the previous model

presented in Oliveira et al. [24]. This model is

developedwithin the frameworkof continuummechan-

ics and generalized standard materials approach [21],

being inspired on the one-dimensional model proposed

by Paiva et al. [26]. Under this assumption, the

thermomechanical behavior can be described by the

Helmholtz free energy density, W, and the pseudo-

potential of dissipation, U. This approach assures that

the second law of thermodynamics is automatically

satisfied, avoiding inconsistent behaviors.

2.1 Free energy density

The constitutive model adopts four macroscopic

phases: austenite (A), twinned martensite (M), which

is stable in the absence of a stress field, and two other

variants associated with detwinned martensite,M? and

M-. The use of this limit number ofmartensitic variants

is possible due to the definition of an equivalent strain

field, C, which induces phase transformations. This

definition is based on experimental observations that

show that both volumetric and deviatoric effects induce

phase transformations with the same qualitative behav-

ior. Under this assumption, the equivalent field C may

be interpreted as a phase transformation inductor that

defines which kind of martensitic variant is induced,

being expressed by the following equation where

summation convention is evoked.

C ¼ 1

3
eekk þ

2

3

ffiffiffiffiffiffiffi

3Je2
p

sign eekk
� �

ð1Þ

Note that this strain field has volumetric and

deviatoric terms that are respectively given by:

eekk ¼ ee11 þ ee22 þ ee33 ð2Þ

Je2 ¼
1

6
êeijê

e
ij ¼

1

6
ee11 � ee22
� �2þ ee22 � ee33

� �2
n

þ ee33 � ee11
� �2þ6 ee12

� �2þ ee13
� �2þ ee23

� �2
h io

ð3Þ

where the deviatoric elastic strain is given by

êeij ¼ eeij �
1

3
eekkdij ð4Þ

and

sign eekk
� �

¼ þ1; if eekk � 0

�1; if eekk\0

�

ð5Þ

TRIP effect is described by introducing new

internal variables related to saturation effect during

the cyclic loadings. Helmholtz free energy density is

defined by considering different expressions for each

one of the macroscopic phases, assuming that they are

functions of elastic strain eeij, temperature, T, isotropic

hardening variable, #, and kinematic hardening tensor,

1ij. Basically, the same structure proposed by Oliveira

et al. [24] is adopted resulting in the following energy

density functions:

Mþ : qWþ eeij; T ; #; 1ij
� �

¼ 1

2
kMeekke

e
pp þ 2lMeeije

e
ij

� �

� aC� KM

� XM
ij T � T0ð Þeeij þ

1

2
KM#2 þ 1

2HM
1ij1ij

M� : qW� eeij; T ; #; 1ij
� �

¼ 1

2
kMeekke

e
pp þ 2lMeeije

e
ij

� �

þ aC� KM

� XM
ij T � T0ð Þeeij þ

1

2
KM#2 þ 1

2HM
1ij1ij

A : qWA eeij; T ; #; 1ij
� �

¼ 1

2
kAeekke

e
pp þ 2lAeeije

e
ij

� �

� KA � XA
ij T � T0ð Þeeij

þ 1

2
KA#2 þ 1

2HA
1ij1ij

M : qWM eeij; T ; #; 1ij
� �

¼ 1

2
kMeekke

e
pp þ 2lMeeije

e
ij

� �

þ KM � XM
ij T � T0ð Þeeij

þ 1

2
KM#2 þ 1

2HM
1ij1ij

ð6Þ
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In the previous equations, subscript A and M are

related to austenite and martensitic phases, respec-

tively; k and l are the Lamé coefficients; a is a

parameter that control the height of the stress–strain

hysteresis loop; KM and KA are functions of temper-

ature that define the phase transformation stress value;

Xij is a tensor related to the thermal expansion

coefficients; T0 is a reference temperature in a stress-

free state; K it is the plastic modulus; H is the

kinematical hardening modulus; and finally, q is the

material density.

The free energy density of the mixture is defined by

setting the volume fraction of martensitic variants, b?

and b-, associated with detwinned martensites (M?

and M-, respectively) and bA that stands for the

austenite (A). The fourth phase is associated with

twinned martensite (M) and its volume fraction is bM.
Since bM = 1 - b? - b- - bA, it is possible to

define a free energy density in terms of three volume

fractions. Moreover, it is assumed new internal

variables specifically related to the TRIP phe-

nomenon: nþ; n�and nA. Thus, the total free energy

is given by:

qW eeij; T; #; 1ij; b
þ; b�; bA; nþ; n�; nA

� �

¼ q½bþ Wþ �WM
� �

þ b� W� �WM
� �

þ bA WA �WM
� �

þWM
�

þ Ip bþ; b�; bA
� �

ð7Þ

where Ip bþ; b�; bA
� �

is the indicator function associ-

ated with the convex p representing phase coexistence.

p ¼ bm 2 < 0� bm � 1 m ¼ þ;�;Að Þ; bþ þ b� þ bA � 1
	

	


 �

ð8Þ

Substituting the individual Helmholtz free energy

density into Eq. (7), the free energy density of the

mixture assumes the following form:

qW eeij; T; #; 1ij; b
þ; b�; bA; nþ; n�; nA

� �

¼ Ca b� � bþ
� �

� K bþ þ b�
� �

þ 1

2
kA � kM
� �

eekke
e
pp þ lA � lM

� �

eeije
e
ij

�

� XA
ij � XM

ij

� �

T � T0ð Þeeij � K@

þ 1

2
KA � KM
� �

#2 þ 1

2HA
� 1

2HM


 �

1ij1ij

�

bA

þ 1

2
kMeekke

e
pp þ lMeeije

e
ij

� �

� XM
ij T � T0ð Þeeij þ K@ þ 1

2
KM#2 þ 1

2HM
1ij1ij

þ Ip bþ; b�; bA
� �

ð9Þ

An additive decomposition is assumed considering

that the elastic strain is given by:

eeij ¼ eij � etij � epij � etripij ð10Þ

where eij is the total strain, eij
p is the plastic strain and

etripij is the TRIP strain. The phase transformation

strain, etij, is written as follows:

etij ¼ ahijklrkl b
þ � b�

� �

sign eekk
� �

ð11Þ

where ahijkl is a fourth-order tensor related to phase

transformations that considers a form that is similar to

the classical isotropic elastic tensor. Due to symme-

tries, it can be expressed as a matrix, considering

different parameters for normal, ahN , and shear, ahS,
behaviors,

ahijkl �

ahN ahN � ahS ahN � ahS 0 0 0

ahN � ahS ahN ahN � ahS 0 0 0

ahN � ahS ahN � ahS ahN 0 0 0

0 0 0 ahS 0 0

0 0 0 0 ahS 0

0 0 0 0 0 ahS

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

ð12Þ

The definition of transformation strain employs

parameter rkl that is a symmetric second-order tensor

related to the loading history as follows:

rkl ¼
þ1; if rkl [ 0

0; if rkl ¼ 0

�1; if rkl\0

8

<

:

ð13Þ
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For situations where mechanical loadings are

provided by multiaxial, non-simultaneous load his-

tory, tensor rkl is evaluated as follows for the

subsequent loadings (assuming stress driving cases):

rkl ¼
rkl
Smax
kl

	

	

	

	

; if bþ 6¼ 0 or b� 6¼ 0 ð14Þ

where Smax
kl represents the maximum value of the

mechanical loading that can be a stress or a strain.

Besides, note that
Smax
kl

Smax
klj j ¼ 0 if Smax

kl ¼ 0.

2.1.1 Thermodynamic forces

From the generalized standard materials approach, the

thermodynamical forces associated with its respective

state variable are defined as follows [5, 21]:

rij ¼ q
oW
oeeij

¼ keekkdij þ 2leeij þ axij b
� � bþ

� �

� Xij T � T0ð Þ
ð15Þ

Bþ 2 �qobþ Wð Þ
¼ aCþ Kþ Pþ � ahijklrklXij T � T0ð Þ � jþp ð16Þ

B� 2 �qob� Wð Þ
¼ �aCþ Kþ P� þ ahijklrklXij T � T0ð Þ � j�p

ð17Þ

BA 2 �qobA Wð Þ

¼ K@ þ PA þ eeij XA
ij � XM

ij

� �

T � T0ð Þ

� 1

2
KA � KM
� �

#2

� 1

2HA
� 1

2HM


 �

1ij1ij � jAp

ð18Þ

Xij ¼ �q
oW
oepij

¼ keekkdij þ 2leeij þ axij b
� � bþ

� �

� Xij T � T0ð Þ
ð19Þ

Rij ¼ �q
oW

oetripij

¼ keekkdij þ 2leeij þ axij b
� � bþ

� �

� Xij T � T0ð Þ
ð20Þ

Y 2 �q
oW
o#

¼ �K# ð21Þ

Zij 2 �q
oW
o1ij

¼ � 1

H
1ij ð22Þ

Sþ 2 �q
oW

onþ
ð23Þ

S� 2 �q
oW
on�

ð24Þ

SA 2 �q
oW

onA
ð25Þ

where the thermodynamic forces Bþ;B�;BA are

related to phase transformations, Xij, Y and Zij refer

to classical plasticity, while Rij; S
þ; S� and SA are

associated with TRIP effect being responsible for

changes of the parameter nominal values; rij repre-
sents the stress tensor; dij is the Kronecker delta;

jp bþ; b�; bA
� �

is related to the sub-differential with

respect to volume fractions being associated with

projections in the b-space.

jp ¼ jþp ; j
�
p ; j

A
p

� �

2 oIp bþ; b�; bA
� �

ð26Þ

Moreover, auxiliary quantities are defined as

follows,

xij ¼
1

3
dij þ

3eeij � eekkdij

3
ffiffiffiffiffiffiffi

3Je2
p

" #

sign eekk
� �

ð27Þ

Pþ ¼ þ keemma
h
ijklrkldij þ 2leeija

h
ijklrkl

� �

þ a b� � bþ
� � 1

3
ahijklrkldij þ

2Pa

ffiffiffiffiffiffiffi

3Je2
p sign eekk

� �

( )

ð28Þ
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P� ¼ � keemma
h
ijklrkldij þ 2leeija

h
ijklrkl

� �

� a b� � bþ
� � 1

3
ahijklrkldij þ

2Pa

ffiffiffiffiffiffiffi

3Je2
p sign eekk

� �

( )

ð29Þ

PA ¼ � 1

2
kA eekk
� �2þ2lAeeije

e
ij

� �

þ 1

2
kM eekk

� �2þ2lMeeije
e
ij

� �

ð30Þ

Pa ¼ ahS
6

r11 � r22ð Þ ee11 � ee22
� �

þ r22 � r33ð Þ ee22 � ee33
� �


þ r33 � r11ð Þ ee33 � ee11
� �

þ 6 r12e
e
12 þ r13e

e
13 þ r23e

e
23

� ��

ð31Þ

2.2 Pseudo-potential of dissipation

The thermomechanical behavior of SMAs is intrinsi-

cally dissipative and therefore, it is necessary to

establish a pseudo-potential of dissipation that allows

the description of dissipation processes. It is assumed

that this potential may be split into mechanical, UM,

and thermal, UH, parts:

U ¼ UM _eeij; _e
trip
ij ; _epij; _#; _1ij; _b

þ; _b�; _bA; _nþ; _n�; _nA
� �

þ UH qð Þ
ð32Þ

The dual of the mechanical pseudo-potential is

presented as a function of thermodynamical forces,

�UM Bþ;B�;BA;Xij; Y ; Zij;Rij; S
þ; S�; SA

� �

¼ 1

2gþ
Bþ þ gIY þ gKij Zij

� �2

þ 1

2g�
B�gIY þ gKij Zij

� �2

þ 1

2gA
BA � gIY � gKij Zij

� �2

þ Rij

� �2
M13b

þ þM31b
A

� �

_bþ þ M32b
� þM23b

A
� �

_b�
n

þ M43b
A þM34 1� bþ � b� � bA

� �� �

_bA
o

þ _bþ
	

	

	

	Sþ

þ _b�
	

	

	

	S� þ _bA
	

	

	

	SA þ If Xij; Y; Zij;Rij; S
þ; S�; SA

� �

þ I�v Bþ;B�;BA
� �

ð33Þ

The complementary equations for the thermody-

namic fluxes are written as follows.

_bþ 2 oBþ �UM
� �

¼ Bþ

gþ
þ gI

gþ
Y þ

gKij
gþ

Zij þ jþ�v

¼ Bþ

gþ
� gI

gþ
K#�

gKij
gþ

1ij
H

þ jþv ð34Þ

_b� 2 oB� �UM
� �

¼ B�

g�
þ gI

g�
Y þ

gKij
g�

Zij þ j��v

¼ B�

g�
� gI

g�
K#�

gKij
g�

1ij
H

þ j�v ð35Þ

_bA 2 oBA �UM
� �

¼ BA

gA
þ gI

gA
Y þ

gKij
gA

Zij þ jA�v

¼ BA

gA
� gI

gA
K#�

gKij
gA

1ij
H

þ jAv ð36Þ

_epij 2 oXij
�UM

� �

¼ c
r̂ij � 1ij

kr̂ij � 1ijk
ð37Þ

_# 2 oY �UM
� �

¼
ffiffiffi

2

3

r

cþ gI _bþ þ _b� þ _bA
� �

¼
ffiffiffi

2

3

r

_epij

	

	

	

	

	

	
þ gI _bþ þ _b� þ _bA

� �

ð38Þ

_1ij 2 oZij
�UM

� �

¼ 2

3
cH

r̂ij� 1ij
kr̂ij� 1ijk

þgKij
_bþþ _b�þ _bA

� �

¼ 2

3
H _epijþgKij

_bþþ _b�þ _bA
� �

ð39Þ

_etripij 2oRij
�Um

¼ 2rij M13b
þþM31b

A
� �

_bþþ M32b
�þM23b

A
� �

_b�þ
n

þ M43b
AþM34 1�bþ�b��bA

� �� �

_bA
o

ð40Þ

_nþ 2 oSþ �U
m ¼ _bþ

	

	

	

	 ð41Þ

_n� 2 oS� �U
m ¼ _b�

	

	

	

	 ð42Þ

_nA 2 oSA �U
m ¼ _bA

	

	

	

	 ð43Þ

where M13 ¼ M31;M23 ¼ M32 and M34 ¼ M43, are

parameters associated with the TRIP effect;

gm m ¼ þ;�;Að Þ is associated with the internal dissi-

pation of each material phase, while gI defines the

coupling between phase transformations and isotropic
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hardening. The coupling with the kinematic hardening

is defined by the second-order tensor gKij .

Besides, j�v ¼ j�v Bþ;B�;BA
� �

is related to the sub-

differential of the indicator function of the convex set

�v, I�v, with respect to Bþ;B�and BA, which defines

restrictions associated with phase transformations.

j�v ¼ jþ�v ; j
�
�v ; j

A
�v

� �

2 oI�v Bþ;B�;BA
� �

ð44Þ

Alternatively, jv may be defined as the sub-

differential of the indicator function of the convex

set v, Iv, with respect to _b
þ
; _b

�
and _b

A
.

jv ¼ jþv ; j
�
v ; j

A
v

� �

2 oIv _bþ; _b�; _bA
� �

ð45Þ

Physically, these restrictions establish conditions

for internal sub-loops due to incomplete phase trans-

formations and also avoid improper phase transfor-

mations [30]. The definition of this convex set requires

an equivalent stress field, similar to the strain field

provided in Eq. (1), given by:

Cr ¼ 1

3
rkk þ

2

3

ffiffiffiffiffiffiffi

3Jr2
p

sign rkkð Þ ð46Þ

Besides, it is important to define the quantities at the

initial state:

eeij 0ð Þ ¼ eeij �
Xij T � T0ð Þ

Eijkl

ð47Þ

C0 ¼
1

3
eekk 0ð Þ þ 2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffi

3Je2 0ð Þ
q

sign eekk 0ð Þ
� �

ð48Þ

Now, the convex set v is defined by considering two
different situations associated with mechanical and

thermal loadings. Basically, when mechanical load-

ings govern phase transformations, _Cr 6¼ 0, the con-

vex set is given by:

v ¼ _bn 2 <
_C _bþ � 0; _C _bA � 0 if C0 [ 0
_C _b� � 0; _C _bA � 0 if C0\0

	

	

	

	

� �

ð49Þ

On the other hand, when thermal loadings govern

phase transformation, _Cr ¼ 0, the convex set v is

defined as follows, by considering three subsets (v1,
v2, v3):

v1 ¼ _bn 2 < _T _bA � 0
	

	

n o

ð50aÞ

v2 ¼ _bn 2 < _T _bþ ¼ 0

if _T [ 0; _bþ [ 0 andbþs 6¼ 0

if _T [ 0; bþ 6¼ bþs and bþs ¼ 0

if _T [ 0; _bA ¼ 0

if _T\0;Cr ¼ 0 andbþ 6¼ bþs

2

6

6

4

	

	

	

	

	

	

	

	

8

>

>

<

>

>

:

9

>

>

=

>

>

;

ð50bÞ

v3 ¼ _bn 2 < _T _b� ¼ 0

if _T [ 0; _b� [ 0 andb�s 6¼ 0

if _T [ 0; b� 6¼ b�s and b�s ¼ 0

if _T [ 0; _bA ¼ 0

if _T\0Cr ¼ 0 and b� 6¼ b�s

2

6

6

4

	

	

	

	

	

	

	

	

8

>

>

<

>

>

:

9

>

>

=

>

>

;

ð50cÞ

where bþs and b�s are the values of b? and b-,
respectively, when the phase transformation begins to

take place. Note that this set also expresses restrictions

related to improper phase transformations, M? ? M

and M- ? M, expressed respectively, by:

_bþ _bM ¼ _bþ � _bþ� _b�� _bA
� �

¼� _bþ
� �2

� _bþ _bA ¼ 0

_b� _bM ¼ _b� � _bþ� _b�� _bA
� �

¼� _b�
� �2

� _b� _bA ¼ 0

ð51Þ

The definition of the set governed by thermal

loadings ( _Cr ¼ 0Þ defines a phase transformation

critical stress for twinned martensite, CC.

Plastic behavior considers that If is the indicator

function related to the classical plasticity, being

associated with a yield surface defined by f as follows

[31].

f ¼ kr̂ij � 1ijk �
ffiffiffi

2

3

r

rY � K#ð Þ ð52Þ

where the deviatoric tensor, r̂ij, is given by:

r̂ij ¼ rij �
1

3
rkkdij ð53Þ

and kr̂ij � 1ijk is the euclidean norm of r̂ij � 1ij,
defined as follows,

kr̂ij � 1ijk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

3

i;j¼1

r̂ij � 1ij
� �2

v

u

u

t ð54Þ

Plastic behavior is subjected to the Kuhn–Tucker

and consistency conditions,

c� 0; f � 0; cf ¼ 0 and c _f ¼ 0 if f ¼ 0

ð55Þ

where c is the plastic multiplier.
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2.3 Constitutive equations

A complete set of constitutive equations that describes

the SMA thermomechanical behavior is now defined

being summarized in Box 1.

Model parameters are related to different physical

processes, including thermo-elasto-plasticity and

phase transformation parameters. In this regard,

several parameters are classical from thermo-elasto-

plastic theory. TRIP phenomenon is related to some

specific parameters, M13 = M31, M23 = M32 and

M34 = M43; and also to the modification of nominal

values treated in the next section.

The coupling between phase transformation and

kinematic hardening is defined by the second-order

tensor gKij defined as follows:

gKij ¼ gK
1 1 1

1 1 1

1 1 1

2

4

3

5 ð56Þ

The definition of the phase transformation critical

stress for twinned martensite, CC, can be obtained

from the constitutive equations under the following

assumptions: _bþ ¼ 0; bþ ¼ 0; b� ¼ 0; bA ¼ 0 and

C0 C 0. Therefore, using volume fraction equations,

it is possible to write an expression for the critical

strain that induces phase transformation from twinned

to detwinned martensite:

CC ¼ 1

a
�K� EM

ijkle
e
kla

h
ijmprmp þ ahijklrklXij T � T0ð Þ

�

þ gIK#þ gKij
1ij
H

�

ð57Þ

Due to tension–compression symmetry, analogous

result can be obtained analyzing the evolution equa-

tion of b-.
It is important to highlight that some parameters are

split due to temperature or loading dependence. In this

regard, some changes can be used to facilitate

adjustments with experimental data. For instance,

yield surface can be defined as a function of temper-

ature. The same is performed for phase transformation

stress levels that are defined as a function of temper-

ature. The dissipation aspects of phase transformation

may be defined using different parameters during

loading and unloading. In this regard, details of some

parameters are presented in the sequence.

Initially, consider the temperature dependent func-

tions K = K(T) and K@ ¼ K@ Tð Þ. The following

definitions are adopted:

K ¼ 2KM ¼ �L�0 þ L�

TM
T � TM
� �

if T [ TM

�L�0 if T � TM

8

<

:

ð58Þ

K@ ¼ KM þ KA

¼ �LA0 þ
LA

TM
T � TM
� �

if T [ TM

�LA0 if T � TM

8

<

:

ð59Þ

where TM is the temperature below which the marten-

sitic phase becomes stable for a stress free state; note

that the phase transformation stress level is constant

for T\ TM.

The phase transformation dissipation can be

defined taking into account different characteristics

of the phase transformation kinetics during loading

Box 1 Constitutive equations

rij ¼ Eijkleekl þ axij b
� � bþ

� �

� Xij T � T0ð Þ

_bþ ¼ 1

gþ
Caþ Kþ Pþ � ahijklrklXij T � T0ð Þ

n

� gIK#� gKij
1ij
H

� jþp

o

þ jþv

_b� ¼ 1

g�
�Caþ Kþ P� þ ahijklrklXij T � T0ð Þ

n

� gIK#� gKij
1ij
H

� j�p

o

þ j�v

_bA ¼ 1

gA
PA þ K@ þ eeij XA

ij � XM
ij

� �

T � T0ð Þ
n

� 1

2
KA � KM
� �

#2 � 1

2HA
� 1

2HM


 �

1ij1ij

þ gIK#þ gKij
1ij
H

� jAp

o

þ jAv

_epij ¼ c
r̂ij�1ij
r̂ij�1ij

_# ¼
ffiffi

2
3

q

cþ gI _bþ þ _b� þ _bA
� �

_1ij ¼ 2
3
H _epij þ gKij

_bþ þ _b� þ _bA
� �

_etripij ¼ 2rij M13b
þ þM31b

A
� �

_bþ þ M32b
� þM23b

A
� �

_b�
n

þ M43b
A þM34 1� bþ � b� � bA

� �� �

_bA
o

_nþ ¼ _bþ
	

	

	

	
_n� ¼ _b�

	

	

	

	
_nA ¼ _bA

	

	

	

	

Yield surface and its conditions:

f ¼ r̂ij � 1ij �
ffiffi

2
3

q

rY � K#ð Þ

c� 0; f � 0andcf ¼ 0; c _f ¼ 0if f ¼ 0
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and unloading processes. Therefore, different values

can be employed for the parameters g?, g- and gA, in
the follow form:

g� ¼ g�L if _C[ 0

g� ¼ g�U if _C\0

�

ð60Þ

gA ¼ gAL if _C[ 0

gA ¼ gAU if _C\0

�

ð61Þ

where the parameters g�L , g
�
U , g

A
L and g

A
U are calculated

considering fourth-order tensors, in the same way of

the Eqs. (62) and (63).

ð Þ ¼ rijðeÞijklrkl if Cr 6¼ 0

ð Þ ¼ ð ÞN otherwise

�

ð62Þ

where

ðeÞijkl ¼

ð ÞN ð ÞN � ð ÞS ð ÞN � ð ÞS 0 0 0

ð ÞN � ð ÞS ð ÞN ð ÞN � ð ÞS 0 0 0

ð ÞN � ð ÞS ð ÞN � ð ÞS ð ÞN 0 0 0

0 0 0 2ð ÞS 0 0

0 0 0 0 2ð ÞS 0

0 0 0 0 0 2ð ÞS

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

ð63Þ

where ( )N and ( )S respectively represents the normal

and the shear components.

Concerning plastic effects, the yield surface is

defined by the yield stress, rY, that has different values
for the austenitic and martensitic phases. Their values

are also temperature dependent tending to decrease for

high temperatures. Different expressions can be

employed for the proper description of these condi-

tions. Here, for the sake of simplicity, temperature

variation is assumed to be:

rY ¼ rMY if T � TM

rY ¼ rMY TA � Tð Þ þ rAiY T � TMð Þ
TA � TM

if TM\T � TA

rY ¼ rAiY TF � Tð Þ þ rAfY T � TAð Þ
TF � TA

if TM\T � TF

8

>

>

>

>

<

>

>

>

>

:

ð64Þ

where TA is the temperature above which the austenitic

phase is stable; TF is a reference temperature for the

determination of the yield stress for high temperatures;

rAiY and rAfY define the thermal variation of the yield

stress of the austenitic phase.

Figure 1 shows a sketch of inelastic surfaces as a

function of temperature. Either phase transformation

or yield surfaces are temperature dependent. Phase

transformation inelastic surfaces are defined from

evolution equations and therefore, they are not straight

lines and can vary depending on temperature and

strain level. This characteristic makes the model

flexible in the sense that it allows the description of

several SMA thermomechanical behaviors, using the

same set of parameters. The model parameters can be

adjusted from tension or torsion tests at different

temperatures and define the inelastic surfaces and their

evolution with temperature and strain.

2.3.1 TRIP parameters

TRIP effect influences nominal parameters, defining a

saturation effect. This behavior is taken into account

with exponential functions, associated the variables nn

related TRIP effect. A discussion of these parameters

is presented in the sequence.

Parameters a, Lþo , L
�
o , L

A
o , L

?, L-, LA are presented

in the general form:

ð Þ ¼ bð Þ
N þ exp �mð Þnþ

� �

N þ 1

" #

if C� 0

ð Þ ¼ bð Þ
N þ exp �mð Þn�

� �

N þ 1

" #

if C\0

8

>

>

>

>

<

>

>

>

>

:

ð65Þ

where ( ) represents the actual value of the parameter,

ðbÞ represents the nominal value, m( ) and N are

parameters related to the saturation effect.

In this regard, the vertical size of hysteresis in the

stress–strain curve is done through the set parameter a
as follows.

Fig. 1 Inelastic surface sketch
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a ¼ â
N þ exp �manþ

� �

N þ 1

� �

if C� 0

a ¼ â
N þ exp �man�ð Þ

N þ 1

� �

if C\0

8

>

>

<

>

>

:

ð66Þ

where ma is the parameter related to the saturation

effect in order to control a. Similar considerations are

adopted for the other parameters.

In addition, the following TRIP parameters are

defined:

M13 ¼ M̂13exp �mMnþ
� �

M31 ¼ M̂31exp �mMnþ
� �

ð67Þ

M23 ¼ M̂23exp �mMn�
� �

M32 ¼ M̂32exp �mMn�
� �

ð68Þ

M34 ¼ M̂34exp �mMnA
� �

M43 ¼ M̂43exp �mMnA
� �

ð69Þ

Table 1 Parameters

identified from the

experimental results

obtained by Tobushi et al.

[38] for monotonic

pseudoelastic behavior

EA (GPa) EM (GPa) XA (MPa/K) XM (MPa/K) ahN (MPa) â (MPa)

54.0 42.0 0.74 0.17 0.0453 330

L̂�0 (MPa) L̂� (MPa) L̂A0 (MPa) L̂A (MPa) gL
� �

N
MPa sð Þ gU

� �

N
MPa sð Þ

0.15 41.50 0.63 180.00 1.00 2.40

gAL
� �

N
MPa sð Þ gAU

� �

N
MPa sð Þ TM (K) T0 (K) rMY (GPa) rAiY (GPa)

1.00 2.40 291.4 307.0 0.5 1.5

rAfY (GPa) KA (GPa) KM (GPa) HA (GPa) HM (GPa) gI

1.0 1.4 0.4 4.0 1.1 - 0.01

gK TF (K) M̂13 GPa�1
� �

M̂31 GPa�1
� �

M̂32 GPa�1
� �

M̂23 GPa�1
� �

- 0.01 423.0 0.013 0.010 0.010 0.013

Ttrip Kð Þ ma mL mM N

333.0 0.40 0.10 0.50 2

Fig. 2 Pseudoelastic

behavior based on

experimental data due to

Tobushi et al. [38].

Numerical-experimental

comparison for T = 373 K,

T = 353 K and T = 333
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where mM is the parameter related to saturation effect

in order to control M13, M31, M23, M32, M34 and M43.

In order to control the amount of TRIP strain at

different temperatures, the parameters associated with

the TRIP effect must also be temperature dependent.

By considering a linear dependence, the following

expressions are employed:

M̂13 ¼
0 if T\Ttrip

M̂R
13

T � Ttripð Þ
TF � Ttripð Þ if T � Ttrip

8

<

:

ð70Þ

where M̂R
13 is a reference value of M̂13 at T = Ttrip and

Ttrip is a temperature below which TRIP should not

exist. Analogous expressions are used toM31,M23 and

M32. For the sake of simplicity, this work considers

M34 = M43 = 0.

3 Uniaxial tests

The model capability to describe SMA thermome-

chanical behavior including TRIP is now in focus.

Initially, uniaxial tests are treated by assuming that

mechanical loading varies linearly from zero to a

maximum value and then back to zero without

reaching the yield surface. Stress driving case is

Fig. 3 Pseudoelastic cyclic

behavior based on

experimental data due to

Lagoudas et al. [16].

a Experimental stress–strain

curve; b numerical stress–

strain curves; c first cycle of
the stress–strain curve; d last
cycle of the stress–strain

curve; e volume fractions

evolution; f TRIP strain

evolution
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assumed. Table 1 presents constitutive parameters

identified from experimental results due to Tobushi

et al. [38] that consider pseudoelastic behavior for

different temperatures. In order to compare with the

one-dimensional model, Poisson’s ratio is vanished.

Figure 2 presents the comparison between numer-

ical simulations provided by the proposed model with

experimental data from Tobushi et al. [38] for three

different temperatures: T = 373 K, T = 353 K and

T = 333 K. It is noticeable that the model captures the

general thermomechanical behavior, especially the

TRIP effect. Note that when the loading cycle is

finished, the system presents a residual strain, and

yield surface is not reached. This behavior is temper-

ature dependent and the effect decreases with temper-

ature decrease. It should be highlighted that the TRIP

effect does not occur for low temperature, related to

the martensitic phase.

TRIP effect has a saturation characteristic meaning

that its manifestation reduces when the number of

cycles increases. Because of that, SMA is usually

subjected to a training process that stabilizes the SMA

response. Basically, the training process imposes a

Table 2 Parameters

identified from

experimental results

obtained by Lagoudas et al.

[16] for pseudoelastic cyclic

behavior

EA (GPa) EM (GPa) XA (MPa/K) XM (MPa/K) ahN (MPa) â (MPa)

72.0 28.2 0.74 0.17 0.0370 140

L̂�0 (MPa) L̂� (MPa) L̂A0 (MPa) L̂A (MPa) gL
� �

N
MPa sð Þ gU

� �

N
MPa sð Þ

0.10 41.50 0.63 147.00 0.10 0.04

gAL
� �

N
MPa sð Þ gAU

� �

N
MPa sð Þ TM (K) T0 (K) rMY (GPa) rAiY (GPa)

0.10 0.04 291.4 307.0 0.5 1.5

rAfY (GPa) KA (GPa) KM (GPa) HA (GPa) HM (GPa) gI

1.0 1.4 0.4 4.0 1.1 - 0.01

gK TF (K) M̂13 GPa�1
� �

M̂31 GPa�1
� �

M̂32 GPa�1
� �

M̂23 GPa�1
� �

- 0.01 423.0 0.072 0.071 0.072 0.071

Ttrip Kð Þ ma mL mM N

330.0 0.07 0.20 0.14 2

Table 3 Characteristic of the first and last stress–strain loops

First cycle Last cycle Variation (%)

CC
A!Mþ (GPa) 0.62 0.48 - 22.6

CC
Mþ!A (GPa) 0.38 0.31 - 18.4

h (GPa) 0.28 0.22 - 21.4

b 0.07 0.05 - 28.6

eR 0.06 0.04 - 33.3

Table 4 Parameters

identified from

experimental results

obtained by Garcia [11] for

pseudoelastic cyclic

behavior involving classical

plasticity

EA (GPa) EM (GPa) XA (MPa/K) XM (MPa/K) ahN (MPa) â (MPa)

62.0 25.0 0.74 0.17 0.0120 200

L̂�0 (MPa) L̂� (MPa) L̂A0 (MPa) L̂A (MPa) gL
� �

N
MPa sð Þ gU

� �

N
MPa sð Þ

4.00 3.00 0.03 52.00 0.60 0.50

gAL
� �

N
MPa sð Þ gAU

� �

N
MPa sð Þ TM (K) T0 (K) rMY (GPa) rAiY (GPa)

0.60 0.50 282.1 303.0 0.5 1.5

rAfY (GPa) KA (GPa) KM (GPa) HA (GPa) HM (GPa) gI

1.0 1.4 0.4 4.0 1.1 - 0.01

gK TF (K) M̂13 GPa�1
� �

M̂31 GPa�1
� �

M̂32 GPa�1
� �

M̂23 GPa�1
� �

- 0.01 374.0 0.125 0.125 0.125 0.125

Ttrip Kð Þ ma mL mM N

310.0 0.0001 0.30 0. 48 0.9
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Fig. 4 Pseudoelastic cyclic

plastic behavior based on

experimental data due to

Garcia [11]. a Experimental

stress–strain curve;

b numerical stress–strain

curves; c first cycle of the
volume fraction; d last cycle

of the volume fraction;

e TRIP strain evolution

Table 5 Parameters identified from experimental results obtained by Sittner et al. [32] for tension–torsion tests

EA (GPa) EM (GPa) XA (MPa/K) XM (MPa/K) ahN (MPa) ahS (MPa)

65.0 29.0 0.74 0.17 0.0150 0.0160

â (MPa) L̂�0 (MPa) L̂� (MPa) L̂A0 (MPa) L̂A (MPa) gL
� �

N
MPa sð Þ

140 1.50 5.00 2.00 26.00 5.70

gU
� �

N
MPa sð Þ gAL

� �

N
MPa sð Þ gAU

� �

N
MPa sð Þ gL

� �

S
MPa sð Þ gU

� �

S
MPa sð Þ gAL

� �

S
MPa sð Þ

12.00 25.00 3.50 4.85 14.00 10.00

gAU
� �

S
MPa sð Þ TM (K) T0 (K) rMY (GPa) rAiY (GPa) rAfY (GPa)

1.80 223.0 285.0 0.5 1.5 1.0

KA (GPa) KM (GPa) HA (GPa) HM (GPa) gI gK

1.4 0.4 4.0 1.1 - 0.01 - 0.01

TF (K) M̂13 GPa�1
� �

M̂31 GPa�1
� �

M̂23 GPa�1
� �

M̂32 GPa�1
� �

Ttrip Kð Þ
423.0 0.072 0.071 0.072 0.071 270.0

ma mL mM N tA tM

0.07 0.20 0.14 2 0.36 0.36
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Fig. 5 Uncoupled tension–

torsion tests. a Tension test;

b torsion test

Fig. 6 Loading process of

the coupled tension–torsion

test

Fig. 7 Coupled tension–

torsion test. Stress–strain

curves a r11 9 e11;
b r12 9 2e12; c 2e12 9 e11;
d volume fractions
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Fig. 8 Coupled tension–

torsion cyclic loading test. a
r11 9 e11; b r12 9 2e12; c
2e12 9 e11; d volume

fractions; e TRIP strains,

etrip11 and etrip12
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cyclic loading process until the thermomechanical

behavior stabilizes. Figure 3 presents experimental

data due to Lagoudas et al. [16] used for comparison

with numerical simulations. Table 2 presents model

parameters identified for simulations. Note that the

SMA response presents saturation, stabilizing the

stress–strain response after some cycles. Figure 3a

shows experimental stress–strain curves while Fig. 3b

presents numerical simulations, together with exper-

imental data. It should be pointed out the good

agreement between numerical and experimental

results, showing the model capability to represent

the saturation phenomenon. For each cycle, there is a

reduction of the phase transformation critical stress

and also a modification of the size of the hysteresis

loop. Figure 3c, d present respectively, the stress–

strain curve for the first and last cycles allowing one to

observe the differences. Note that saturation effect,

which occurs around fifteen cycles, is related to a

TRIP strain constant value (Fig. 3f), defining a

stabilized stress–strain hysteresis loop. Hysteresis

loop characteristics show a reduction from 20 to

30%, as can be observed in Table 3 that illustrates the

characteristic parameters depicted in Fig. 3c, d. Fig-

ure 3e shows the phase transformation evolution

during the test presenting the time history of volume

fractions for two intermediate cycles. Figure 3f shows

the evolution of the TRIP strain. This kind of analysis

is interesting in order to evaluate the number of cycles

needed for a proper training process.

Classical plasticity is now of concern considering a

loading process that reaches the yield surface. There-

fore, TRIP effect is treated together with classical

plasticity. It is expected that plastic strains inhibit the

reverse phase transformation and this effect becomes

gradually more pronounced with the increase of

plasticity level. Hence, for a low plasticity level, it is

expected that reverse transformation takes place.

Experimental results due Garcia [11] considering

pseudoelastic test together with plasticity are used as

reference for numerical simulations. Table 4 presents

identified parameters employed on numerical simula-

tions. Figure 4 shows numerical simulations together

with experimental data. Figure 4a shows experimental

tests due to Garcia [11] while Fig. 4b presents a

comparison between numerical and experimental

results, showing a good agreement. Figure 4c-d shows

volume fraction evolution for the first and last cycles.

Figure 4e presents TRIP strain evolution. It is notice-

able that plastic behavior, either classical and trans-

formation induced plasticity, tends to alter

macroscopic SMA response characteristics. Volume

fraction evolutions evidence this conclusion (Fig. 4c,

d).

4 Multiaxial tests

A coupled tension–torsion test based on experimental

results due to Sittner et al. [32] is now in focus.

Initially, model parameters are adjusted by consider-

ing uniaxial tension and torsion tests, separately,

neglecting TRIP and plasticity. Afterward, the cou-

pled test is carried out using the adjusted parameters

defined from the uncoupled tests. Table 5 presents

model parameters employed to match uncoupled

experimental tests. Other parameters, including clas-

sical plasticity and TRIP, are assumed to be the same

of the ones obtained on Lagoudas et al. [16] tests

(Table 2). Results of the uncoupled tests are presented

Fig. 9 Loading process of the coupled tension–torsion test
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Fig. 10 Coupled tension–

torsion cyclic loading test. a
r11 9 e11; b r12 9 2e12; c
2e12 9 e11; d volume

fractions; e TRIP strains,

etrip11 and etrip12
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in Fig. 5 showing the comparison between numerical

results and experimental data due to Sittner et al. [32]

for both tension and torsion tests. In these results,

TRIP parameters are assumed to vanish. Stress driving

simulation is performed.

A coupled tension–torsion test is of concern using

the same parameters of the uncoupled test. This test is

associated with a square mechanical loading process

(ABCD) presented in Fig. 6 and constant temperature

(T = 285 K). The loading process is composed by a

mechanical tensile loading (AB) followed by a

mechanical shear loading (BC), which values are not

sufficient to reach yield surface. The unloading

process starts with a tension unloading (CD) followed

by a shear unloading (DA). SMA response is presented

in different ways in Fig. 7: stress–strain curves for

tension (r11 9 e11), Fig. 7a, and torsion (r12 9 2e12),
Fig. 7b; strain curve e11 9 2e12 (Fig. 7c); volume

fraction evolution (Fig. 7d). It is possible to observe

that the model captures the general qualitative behav-

ior of the SMA in three-dimensional media with

coupled loadings. It is also noticeable that phase

transformations occur due normal and shear stresses. It

should be highlighted that phase transformation occurs

during ABC paths, and most of the volume fraction is

formed when both normal and shear stress are applied

together (Fig. 7d). The same behavior is observed

during unloading.

After model verification for multiaxial test, TRIP

behavior is now of concern considering that the SMA

sample is subjected to 22 cycles, each of them with the

same loading path presented in the previous simula-

tion (Fig. 6). Figure 8 shows the SMA response for the

tension–torsion test. The following curves are pre-

sented: stress–strain curves for both tension

(r11 9 e11) and torsion (r12 9 2e12); strain curves

(2e12 9 e11); volume fractions; and TRIP strain evo-

lution (etrip11 and etrip12 ). For each one of these curves,

results for the first and last cycles are presented,

highlighting the difference between them and showing

the stabilization process. Volume fractions indicate

the phase transformations involved (Fig. 8d). Note

that both normal and shear stresses induce phase

transformations that are changing between austenite

and tensile detwinned martensite. The tension loading

(AB) is not sufficient to promote complete phase

transformation that is reached after the shear loading

(BC). For the unloading process, all the reverse phase

transformation occurs in the shear unloading stage

during the first cycle. Nevertheless, this changes for

the last cycle and reverse phase transformation only

finishes after the normal stress unloading. It should be

pointed out the difference between phase transforma-

tion on the first and last cycles (Fig. 8d).

The SMA specimen is now subjected to a different

loading history. Basically, the same coupled tension–

torsion test is considered, with the same stress levels,

but the square loading path sequence is inverted

(Fig. 9). Now, the sequence ADCBA is used instead of

ABCDA imposed in the previous simulation. Hence,

the loading process is composed by a mechanical

torsion loading (AD) followed by a mechanical tensile

loading (DC). The unloading process starts with a

torsion unloading (CB) followed by a tensile unload-

ing (BA). The SMA sample is subjected to 22 cycles.

Figure 10 presents the SMA response for this

tension–torsion test, represented by the following

curves: stress–strain curves for both tension

(r11 9 e11) and torsion (r12 9 2e12); strain curves

(2e12 9 e11); volume fractions; and TRIP strain evo-

lution (etrip11 and etrip12 ). For each one of these curves,

results for the first and last cycles are presented,

Fig. 11 Loading process of

the coupled tension–torsion

test with plasticity
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Fig. 12 Coupled tension–

torsion cyclic loading test

with plasticity. a r11 9 e11;
b r12 9 2e12; c 2e12 9 e11;
d volume fractions; e TRIP

strains, etrip11 and etrip12 ; f plastic

strains, ep11and ep12
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highlighting the difference between them. In general,

it is observed an inversion of the main aspects of the

SMA behavior. Results are qualitatively similar to the

one presented in Fig. 8, but inverting the tension and

torsion strain space.

Multiaxial test with plastic behavior is now in

focus, considering a loading history that reaches the

yield surface. Figure 11 presents the tension–torsion

loading history, assuming the sequence ABCDA. The

loading process is initiated by a tension loading (AB),

followed by a torsion loading (BC). The unloading is

carried out by considering tension unloading (CD),

followed by the torsion unloading (DA).

Figure 12 shows the SMA response for the tension–

torsion test with plasticity, presenting the following

curves that highlight the first and last cycles: stress–

strain curves for both tension (r11 9 e11) and torsion

(r12 9 2e12); strain curves (2e12 9 e11); volume frac-

tions; TRIP strain evolution (etrip11 and etrip12 ); and plastic

strain evolution (ep11and ep12). It is noticeable that the

plastic effect alters significantly the SMA response. It

should be pointed out that the last cycle has hysteresis

loops smaller than the ones without plastic strains,

indicating that plastic strains inhibit phase transfor-

mations. This is more evident observing the differ-

ences between the first and last cycles of the volume

fractions (Fig. 12d). Incomplete reverse phase trans-

formation occurs in the unloading stages of the last

cycles. It is also observed that the tension TRIP strain

is greater than torsion ones and the opposite occurs in

terms of plastic strains (Fig. 12e).

5 Conclusions

This work presents a three-dimensional constitutive

model to describe SMA thermomechanical behavior

including classical plasticity and transformation

induced plasticity. The model is based on the model

proposed by Oliveira et al. [24] being extended to

consider new state variables associated with TRIP

effect. Numerical simulations are compared with

experimental data, being in close agreement for both

uniaxial and multiaxial tests, presenting proper model

verification. General numerical simulations are carried

out showing the model capability to describe several

phenomena related to SMAs, including classical and

transformation induced plasticity. In general, it should

be pointed out that, once adjusted, the model is able to

reproduce several phenomena in a flexible way, using

the same set of parameters. The proposed model

presents an interesting tool describe the general SMA

thermomechanical behavior, assisting a definition of

training processes, identifying the number of cycles

necessary for the stabilization and the reduction of

critical stresses and hysteresis loop.
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