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a b s t r a c t

This paper deals with the fatigue of shape memory alloys considering both experimental and theoretical
approaches. Initially, experimental tests are performed considering NiTi pseudoelastic wires subjected to
different load conditions. Functional and structural fatigue are investigated considering situations related
to phase transformations and plastic behavior. Afterward, experimental macroscopic observations are
employed to propose a three-dimensional constitutive model to describe the general thermomechanical
behavior of shape memory alloys, including functional and structural fatigue with a continuum damage
perspective. An equivalent critical damage is proposed in order to define the fatigue life of shape memory
alloys, considering different behaviors of martensitic and austenitic phases. Numerical simulations are
compared with experimental data showing the capabilities of the proposed model. Results show that
the model responses are in close agreement with experimental data, including fatigue life predictions.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Shape memory alloys (SMAs) are metals with thermomechani-
cal behaviors associated with solid-solid martensitic phase trans-
formations, which are characterized by shear displacement of
atoms on a scale below the interatomic distance promoting large
deformations and small volume changes (Yamauchi et al., 2011).
Due to their unique properties (Cisse et al., 2016), SMAs have a
large potential for applications in different areas such as biomedi-
cal, automotive, oil and gas, robotics, and aerospace fields
(Lagoudas, 2008; Petrini & Migliavacca, 2011; Barbarino et al.,
2014; Mohd Jani et al., 2014). In many applications, these materials
are subjected to cyclic loads and therefore the study of fatigue is an
important issue that must be considered in the modeling of SMAs.

Fatigue can be defined as the progressive deterioration of mate-
rials under cyclic loading that leads to failure (Suresh, 1998). In
general, fatigue can be classified into low cycle fatigue (material
accumulates plastic strains during the cyclic loading) and high
cycle fatigue (material undergoes only elastic strains). Concerning
SMAs, it is usually subdivided into functional and structural fatigue
(Eggeler et al., 2004). Structural fatigue is a classical definition
associated with the element rupture due to the growth and prop-
agation of microcracks. On the other hand, functional fatigue rep-
resents the reduction of functional properties during cyclic
loadings, such as phase transformation capacity, hysteresis loop
size, and phase transformation critical stresses. Since phase trans-
formations can be induced to either stress or temperature, it is
expected that SMA presents either mechanical or thermal func-
tional fatigue.

In recent years, many researchers have proposed studies on fati-
gue of SMAs. Considering experimental analysis, Scirè Mammano
and Dragoni (2014) characterized NiTi wires subjected to different
loadings representing typical working conditions of real actuators
employed in several applications. Mahtabi et al. (2015a) investi-
gated the effect of mean strain on the fatigue behavior of NiTi
alloys showing its detrimental effects at least for large strain
amplitudes. Qin et al. (2019) investigated functional and structural
fatigue on SMA wires under various maximum heating tempera-
tures using a thermomechanical fatigue experimental setup. The
influence of the maximum heating temperature on fatigue life,
strain evolution, and failure type were discussed and a model to
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simulate the plastic evolution behavior was proposed. Tyc et al.
(2016) developed an experimental study using NiTi wires sub-
jected to different types of cold work and heat treatments in order
to investigate the influence of the microstructure obtained on the
functional and structural fatigue.

Predki et al. (2006) investigated the mechanical response of
pseudoelastic NiTi alloys subjected to cyclic torsional loading,
emphasizing the effect of torsional loading on the stress shear hys-
teresis. On the other hand, de Oliveira Ramos et al. (2018) per-
formed a set of cyclic tension tests using NiTi wires to evaluate
functional and structural fatigue under different loading condi-
tions. Both cases observed a progressive decrease in the hysteresis
loop with the increase of the number of cycles as a result of the
evolution of functional fatigue. Qiu et al. (2019) investigated the
interaction between the rate-dependent transformation ratcheting
and fatigue failure of superelastic NiTi alloys subjected to uniaxial
and torsional stress-controlled fatigue tests. Results showed that
the uniaxial loading promotes more transformation ratcheting
when compared to torsional ones, on the other hand, the torsional
fatigue lives are significantly greater than the uniaxial ones. In
addition, other studies are available in the literature considering
an experimental approach as, for instance: Figueiredo et al.
(2009), Lagoudas et al. (2009), Kang et al. (2012), Song et al.
(2015a), Zheng et al. (2017) and Jaureguizahar et al. (2018).

Fatigue failure modeling of SMAs has been investigated in recent
years, essentially considering two approaches: based on Coffin-
Manson’s empirical law as presented by (Tobushi et al. (2000),
Runciman et al. (2011), Maletta et al. (2012), Maletta et al. (2014))
and (Kollerov et al., 2013); and based on dissipated energy as devel-
oped byMoumni et al. (2005), Song et al. (2015b), Zhang et al. (2016a),
Song et al. (2017), Zhang et al. (2017) and Zhang et al. (2019).

Critical revisions about functional and structural fatigue on
SMAs are available in the literature. In this regard, Pelton (2011)
proposed a review of NiTi alloys subjected to cyclic transforma-
tions induced by thermal and mechanical loadings emphasizing
the effects caused on the microstructure of these materials. Kang
& Song (2015) reviewed the main advances achieved in experimen-
tal and theoretical analyses of structural fatigue in NiTi alloys.
Mahtabi et al. (2015b) presented a general review of the fatigue
behavior in NiTi alloys addressing the main factors that modify
the fatigue strength of these materials. Finally, Moumni et al.
(2018) documented a general approach to study structural fatigue
of shape memory alloys, considering low cycle fatigue and high
cycle fatigue.

In order to explore all the potentialities of SMAs, there is an
increasing interest in the development of constitutive models to
describe the thermomechanical behaviors of these materials.
Lagoudas (2008) and Paiva & Savi (2006) presented a general over-
view of the macroscopic thermomechanical description of SMAs.
Thermomechanical coupling is an important topic for the SMA
description, including anisotropy and stress-compression asym-
metry (Monteiro et al., 2009; Paiva et al., 2005). Chatziathanasiou
et al. (2016) developed a three-dimensional thermodynamical cou-
pled model that captures the particular behavior of SMAs subjected
to non-proportional thermomechanical loadings. A new approach
to describe the martensitic reorientation mechanism had been
introduced associated with a new method to account forward
and reverse transformations. Viet et al. (2019) developed an ana-
lytical asymmetry model for superelastic cantilever SMA beams.
The deformation of the beam is described based on Timoshenko
beam theory using constitutive relations that account for asym-
metric shape memory alloy response in tension and compression.

Barrera et al. (2014) presented a macroscopic constitutive
model being able to reproduce the effects caused by functional fati-
gue in SMAs. Zhang et al. (2016b) proposed a constitutive model
based on a more accurate subdivision of martensite volume frac-
2

tions as internal variables to control the evolution of functional
damage during phase transformation.

Hartl et al. (2014) developed a three-dimensional constitutive
model to describe the functional and structural fatigue of SMA
actuators subjected to a large number of cycles. The model was
based on the continuum damage mechanics to represent the struc-
tural fatigue, and the evolution of transformation induced plastic-
ity to describe functional fatigue. Chemisky et al. (2018) proposed
a new phenomenological model that considers the coupling
between accumulation of damage and the transformation induced
plasticity to describe functional and structural fatigue in SMAs.
Phillips et al. (2019) developed a constitutive model to examine
the evolution of internal damage of SMA actuators based on exper-
imental investigation. Dornelas et al. (2020) presented a three-
dimensional constitutive macroscopic model to describe functional
fatigue in shape memory alloys within the framework of continu-
ous damage. Essentially, a new internal variable was included into
the previous model proposed by Oliveira et al. (2016), Oliveira
et al. (2018) together with new evolution laws.

The present work proposes a three-dimensional constitutive
model to describe the general thermomechanical behavior of shape
memory alloys, including functional and structural fatigue. This
model is an extension of the one proposed by Dornelas et al.
(2020), including structural fatigue into the analysis. Local contin-
uum damage approach is of concern, employing two damage vari-
ables for functional and structural damage. Compared with the
constitutive models available in the literature, the main advantage
is the ability to describe different thermomechanical behaviors asso-
ciated with SMAs, including functional and structural fatigue, being
able to describe different thermomechanical loading conditions and
several related phenomena together. The proposition of this model
is guided by experimental tests developed in order to highlight the
main macroscopic thermomechanical fatigue behaviors of SMAs.
Experimental tests are performed considering NiTi pseudoelastic
wires subjected to different loading conditions. A novel equivalent
critical damage is proposed in order to define the fatigue life of SMAs,
considering different behaviors of martensitic and austenitic phases.
The ability of the proposed model to describe SMA fatigue is estab-
lished comparing numerical simulations with experimental data.
Results show that the model presents responses that are in close
agreement with experimental data, including fatigue life predictions.
Besides, the influence of structural damage on the loss of actuation
performance of SMAs is evaluated. Structural damage acts together
with functional damage modifying the functional characteristics,
with a preponderant effect of functional damage.

After this introduction, the present work is structured as fol-
lows. Section 2 presents an experimental investigation establishing
the main characteristics of the macroscopic thermomechanical
behavior of NiTi with respect to functional and structural fatigue.
The constitutive model is developed in Section 3. Numerical simu-
lations and their comparison with experimental data are presented
in Section 4. The conclusions are presented in Section 5.

2. Experimental observations

This section aims to analyze the main macroscopic characteris-
tics of the thermomechanical fatigue behavior of shape memory
alloys through experimental observations. The experimental
methodology is divided into three main parts: experimental setup,
Section 2.1; material characterization, Section 2.2; and fatigue
tests, Section 2.3.

2.1. Experimental setup

Experimental tests are conducted using a pseudoelastic
Ni56Ti44 (wt.%) wire in the as-received condition, manufactured
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by Sandinox biomaterials according to ASTM F2063-18 (2018)
specifications, with a circular section with diameter of 1.3 mm
(±0.0354). The wire thermomechanical condition is polished draw-
ing and annealed. Surface condition corresponds to the finishing
condition as provided by the manufacturer, presenting a smooth
surface, free of marks, scratches or indentations that can compro-
mise fatigue behavior. In general, results where failures occurred
close to the grips are discarded. In order to carry out the material
characterization, quasi-static tensile tests are performed using an
electro-mechanical testing machine, Instron 5882, employing a
30 kN static load cell and strain measurement based on the dis-
placement with gage length of 100 mm. Besides, phase transforma-
tion temperatures are evaluated using a differential scanning
calorimeter (DSC), NETZSCH Maia 200 F3. Fatigue tests are per-
formed using a servo-hydraulic fatigue testing system, Instron
8801, with pneumatic grips and a 5 kN load cell and strain mea-
surement based on the displacement with gage length of 50 mm.
2.2. Material characterization

Quasi-static tensile tests are carried out to define the stress-
strain response and the functional parameters of the SMA. Initially,
the stress-strain response is analyzed following the ASTM F2516-
14 (2014) standard. Therefore, a wire with a diameter of 1.3 mm
and 100 mm of gauge length is of concern, subjected to a strain rate
of 0.02 mm/min until the sample reaches a 6% strain. Afterward,
the sample is unloaded at the same rate to less than 7 MPa and
then loaded again until its rupture at a rate of 0.2 mm/min. Fig. 1
shows the stress-strain curve highlighting four regions: (I) full aus-
tenitic microstructure with a linear elastic behavior; (II) phase
transformation response; (III) full detwinned martensite
microstructure with a linear elastic behavior; (IV) plastic response,
where the yield surface is reached, and the sample failure.

The functional parameters are estimated by considering a
quasi-static cyclic tensile test with peak stress of 900 MPa and a
frequency of 0.0028 Hz. Fig. 2 (a) presents stress-strain curves with
30 cycles for this test while Fig. 2 (b) presents the first cycle anal-
ysis where it is identified some material properties. Elastic moduli
for austenitic and martensitic phases (EA and EM) are identified by
calculating the angular coefficients of the lines that pass through
the elastic regions of austenite and martensite, respectively. The
methodology follows the same idea presented by Savi et al.
(2015) to reduce the influence of instability effects related to
Fig. 1. Quasi-static tensile tests of a pseudoelastic NiTi wire defining four regions:
(I) full austenitic microstructure with a linear elastic behavior; (II) phase transfor-
mation response; (III) full detwinned martensite microstructure with a linear
elastic behavior; (IV) plastic response, where the yield surface is reached, and the
sample failure.
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experimental measurements at the beginning of the test and at
the load reversal regions. Therefore, the slope is calculated consid-
ering selected points in the region close to the end of the elastic
region, before the start of the phase transformation. Phase trans-
formation critical stress for direct (rMs and rMf ) and reverse (rAs

and rAf ) phase transformations are determined using the tangent
method, which consists of determining the intersection of the tan-
gent lines to the regions where the phase transformations start and
finish. This analysis can be performed in different cycles.

The analysis of phase transformation temperatures is per-
formed through DSC tests using three virgin wire samples (A1,
A2, A3). During the tests, the sample is heated from room temper-
ature to 120 �C and then cooled to �120 �C. After that, this cycle is
repeated. Fig. 3 shows results of these tests highlighting the aver-
age temperatures and their respective standard deviations. During
heating, there are two regions of phase transformation
(martensite ? R-Phase and R-Phase ? austenite) and a peak of
transformation during cooling (austenite ? martensite). After the
DSC test, a macroscopic verification is performed considering
stress-strain curves for high, ambient temperature and low tem-
perature behavior. Note that the sample presents pseudolasticity
at ambient temperature and shape memory effect for low temper-
ature behavior.
2.3. Fatigue tests

After the characterization, fatigue tests are carried out in order
to evaluate the functional and structural fatigue presented by
SMAs during cyclic loads. Different stress-controlled tensile load-
ings and frequencies are considered for this aim. The definition
of the mechanical loadings are made according to a previous char-
acterization presented in Fig. 1. In this regard, different tests are
defined according to the four regions, evaluating the fatigue behav-
ior under different conditions. The choice of the test frequencies is
based on thermomechanical coupling aspects. During the phase
transformations, exothermic reactions occur during the direct
transformation (austenite ? martensite) and endothermic reac-
tions in the reverse transformation (martensite ? austenite).
Therefore, the test frequency is defined based on thermal equilib-
rium, which means that phase transformation latent heat have a
proper balance with convection capacity. This balance defines the
maximum test frequency, and the tests are guided by experimental
results due to de Oliveira Ramos et al. (2018), presenting a maxi-
mum frequency of 2 Hz. As presented in de Oliveira Ramos et al.
(2018) and in Zhang et al. (2017), low frequency stress controlled
tests are interesting for fatigue analysis since they are related to
frequency independent fatigue lifetime determination. In addition,
SMA thermomechanical characteristics introduces difficulties
related to the control system. A series of tests are performed in
order to define proper adjustments of the PID controller values
for each test frequency. The best choices produce results without
significant variations of the actuator speed or control disturbances.

Fatigue tests are conducted at room temperature, assuming that
mechanical cyclic loading that varies linearly from zero to a max-
imum value and then back to a residual stress, close to zero. Three
samples with 50 mm of gauge length are used for each test (A1, A2,
A3) but Figures are plotted considering results with the largest
number of cycles until rupture. Table 1 presents the number of
cycles to failure (Nf) for all samples analyzed, in addition to the

average number of cycles to failure (N
�
f ) and their respective stan-

dard deviations (s). Besides, Table 1 shows the loading regions in
which the samples are submitted (presented in Fig. 1) correspond-
ing to the maximum applied stresses.

Initially, four distinct loading processes are treated within the
yield surface. Basically, two different maximum stress values are



Fig. 2. Quasi-static tensile tests of a pseudoelastic NiTi wire. (a) cyclic stress-strain response presenting 30 cycles; (b) functional parameters evaluated from the first cycle.

Fig. 3. Phase transformation temperatures and the macroscopic verification through stress-strain curves. (a) DSC thermal analysis of the virgin NiTi wire. (b) High
temperature stress-strain curve showing pseudoelasticity. (c) Low temperature stress-strain curve showing shape memory effect.
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considered, rmax ¼ 680 and rmax ¼ 750 MPa, and two different fre-
quencies, 0.25 and 1 Hz. Fig. 4 presents stress-strain curves for all
the cases characterizing a pseudoelastic behavior. Fig. 4 (a) and (c)
show results considering the frequency of 0.25 Hz, while Fig. 4 (b)
4

and (d) show results for the frequency of 1 Hz. At the beginning of
the loading process, there is a variation of the maximum and min-
imum stress due to the adjustment of the loading control imposed
on the testing machine. Hence, the sample does not exhibit com-



Table 1
Number of cycles to failure (Nf) of the NiTi SMA wire.

Frequency (Hz) rmax(MPa) Load region Nf (A1) Nf (A2) Nf (A3) N
�
f � s

680 I, II, III 3147 2003 3093 2748 ± 645
0.25 750 I, II, III 1875 2308 2293 2158 ± 246

1150 I, II, III, IV 3084 3157 1748 2663 ± 793
680 I, II, III 1671 2789 1183 1181 ± 823

1 750 I, II, III 1514 2569 1709 1930 ± 561
1150 I, II, III, IV 4379 3626 2205 3238 ± 1376

2 530 I 26,805 33,757 35,060 31,874 ± 4438
1, 2 900 III 27,220 13,358 20,267 20,282 ± 6931
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plete phase transformation during the first cycles. The first cycles
are essentially characterized by the transformation induced plas-
ticity (TRIP) that can be defined as the plastic strain arising from
phase transformation processes involving volume and/or shape
changes without reaches the yield surface (Oliveira et al., 2018).
The transformation induced plasticity tends to stabilize after some
cycles. It is also noticeable that the increase of stress level pro-
motes a more severe functional property change. This result indi-
cates that increasing the applied stress, a greater accumulation of
functional fatigue occurs, causing a loss of actuation performance
after a certain number of cycles. This aspect can be clearly
observed in Fig. 5 that shows the evolution of phase transformation
Fig. 4. Pseudoelastic behavior for the NiTi SMA wires during fatigue tests. (a) rmax ¼ 680
MPa, 1 Hz.

5

critical stresses rMs and rAs as a function of the number of cycles.
Note a reduction of the critical stress transformation with the
increase of the number of cycles. On the other hand, despite the
dispersion of the number of cycles until failure presented by the
tests (Table 1), results do not show a significant variation of the
number of cycles until failure, remaining within the range of 103

cycles, considering the increase of the applied stress level.
Concerning the frequency, it can be observed that the frequency

increase (0.25 Hz ? 1 Hz) causes a change of the hysteresis loop
shape, as shown in Fig. 4. This change promotes a modification of
the evolution of phase transformation critical stresses, as observed
in Fig. 5. Note that for the frequency of 1 Hz, rMs has the same
MPa, 0.25 Hz; (b) rmax ¼ 680 MPa, 1 Hz; (c) rmax ¼ 750 MPa, 0.25 Hz; (d) rmax ¼ 750



Fig. 5. Evolution of the critical stress transformation rMs and rAs . (a) rmax ¼ 680 MPa, 0.25 Hz; (b) rmax ¼ 680 MPa, 1 Hz; (c) rmax ¼ 750 MPa, 0.25 Hz; (c) rmax ¼ 750 MPa,
1 Hz.
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value of rAs after a certain number of cycles, assuming a higher
value in the following cycles. Besides, according to Zhang et al.
(2017), the increase of the frequency during tests tends to promote
a decrease in the number of cycles until failure.
Fig. 6. Pseudoelastic behavior for the NiTi SMA wires during fatigue

6

The effect of classical plasticity on SMA fatigue life is now of
concern considering a loading process that reaches the yield sur-
face. Fig. 6 shows results of a test with a peak stress of
1150 MPa, with the same frequencies previously proposed. It is
tests. (a) rmax ¼ 1150 MPa, 0.25 Hz; (b) rmax ¼ 1150 MPa, 1 Hz.
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observed that the plasticity causes a loss of actuation performance
after a few cycles, for both frequencies. On the other hand, the
number of cycles until failure remains within the range presented
on the previous tests, which means that it does not have a signifi-
cant influence.

SMA fatigue related to elastic responses, without phase trans-
formations, is now in focus. Based on that, loading processes pro-
mote the SMA sample to be within the regions (I) or (III) of
Fig. 1. This kind of behavior is related to a situation where cyclic
loads do not promote loss of actuation due to functional fatigue
and therefore, can be understood as a situation where structural
fatigue is preponderant. The first test is performed considering
elastic cyclic loading in the austenitic phase, varying between
230 and 530 MPa (region I) at a frequency of 2 Hz. Fig. 7 (a) pre-
sents stress-strain curve showing a maximum strain of 1%, without
phase transformations. Besides, results suggest that the absence of
phase transformations promotes an increase of the fatigue life of
the material when compared to the previous results where phase
transformations take place.

Fig. 7 (b) presents results considering a martensitic elastic
response, associated with region (III). Initially, SMA sample under-
goes a training process with 50 loading cycles at a frequency of
1 Hz. After that point, the sample is subjected to a loading varying
between 600 and 900 MPa, within the elastic region of the marten-
sitic phase, at a frequency of 2 Hz. After the training process, an
identical stress amplitude proposed in the previous test is per-
formed. Once again, it is observed an increase of fatigue life due
to the absence of phase transformations.

Cyclic loads affect phase transformation temperatures, which
can be evaluated using DSC tests. Fig. 8 shows a comparison
between the phase transformation temperatures for the virgin wire
and after the different fatigue tests carried out through this section.
Note that the virgin wire, Fig. 8 (a), presents three regions where
the phase transformations occur. When the material is subjected
to a load within the elastic region of austenite, Fig. 8 (b), there is
a small increase of phase transformation temperatures. Fig. 8 (c)
– (e) show results considering the different loading processes
where phase transformations occur. There is a reduction of the
transformation peaks (except for the martensite ? R-Phase peak,
which remains approximately constant) and a progressive increase
of the phase transformation temperatures of the material depend-
ing on the applied load. Fig. 8 (f) shows results of the martensitic
elastic response that is associated with the 50 cycles training at a
Fig. 7. Pseudoelastic behavior for the NiTi SMA wires during fatigu
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maximum tension of 900 MPa, followed by a cyclic loading within
the elastic phase of the martensite. Similar behavior of the previ-
ous one is observed, with an increase of the phase transformation
temperatures. In conclusion, the comparison shows a dependence
of the phase transformation temperatures with the applied load.
Tests subjected to phase transformations present a progressively
increase of temperature with the increase of the stress load level.

3. Constitutive model

The constitutive modeling of shape memory alloys can be per-
formed through the formalism of generalized standard materials
as proposed by Halphen & Nguyen (1975), and Lemaitre &
Chaboche (1990). Based on that, the thermodynamic state of the
material is established by the Helmholtz free energy density, W,
and the pseudo-potential of dissipation, U. Based on Helmholtz
free energy density, thermodynamic forces are defined for each
state variable. Complementary laws are established based on the
pseudo-potential of dissipation. For more details about this proce-
dure, see Dornelas et al. (2020).

A new three-dimensional constitutive model is proposed for the
description of the SMA thermomechanical behavior, including
functional and structural fatigue. The model is an extension of
the model proposed by Dornelas et al. (2020) considering a new
internal variable associated with structural damage. Therefore,
the proposed model considers two internal variables to describe
functional and structural fatigue in order to represent the thermo-
mechanical behavior of SMAs under different loading perspectives.

Under these assumptions, consider the elastic strain tensor, eeij,
the temperature, T , and three macroscopic phases, represented
by their volume fraction: bþ and b� associated with martensitic
variants, and bA, related to austenitic phase. Classical plasticity is
described by considering the plastic strain tensor, epij, kinematic
hardening #, and isotropic hardening, 1ij. Transformation induced
plasticity (TRIP) is treated with the following variables: TRIP strain,

etripij , and saturation variables for each phase, nþ, n� and nA.
The three-dimensional description considers an equivalent

strain field, C, representing a phase transformation inductor
responsible for the definition of the induced martensitic variant,
as defined follows:

C ¼ 1
3
eekk þ

2
3

ffiffiffiffiffiffiffi
3Je2

q
sign eekk

� � ð1Þ
e tests. (a) rmax ¼ 530 MPa, 2 Hz; (b) rmax ¼ 900 MPa, 1–2 Hz.



Fig. 8. Phase transformation temperatures, comparative between virgin material and subjected to different loading levels. (a) Virgin sample; (b) rmax ¼ 530 MPa; (c)
rmax ¼ 680 MPa; (d) rmax ¼ 750 MPa; (e) rmax ¼ 1150 MPa; (f) rmax ¼ 900 MPa.
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In the previous equation, eekk and Je2 represents the volumetric
and deviatoric terms, that are respectively given by:

eekk ¼ ee11 þ ee22 þ ee33 ð2Þ

Je2 ¼ 1
6
beeijbeeij

¼ 1
6

ee11 � ee22
� �2 þ ee22 � ee33

� �2 þ ee33 � ee11
� �2 þ 6½ ee12

� �2þn
þ ee13
� �2þ ee23

� �2�o ð3Þ

The deviatoric elastic strain is given by:

beeij ¼ eeij �
1
3
eekkdij ð4Þ

and

sign eekk
� � ¼ þ1; if eekk � 0

�1; if eekk < 0

8><>: ð5Þ

where dij is the Kronecker delta and eeij is the elastic strain.
Fatigue description follows the same approach developed by

Dornelas et al. (2020) based on local continuum damage and there-
fore, size effects are not captured by the model. Functional and struc-
tural fatigue are treated considering structural damage,De, which
represents continuum damage that describes the degree of deteriora-
tion of the material, from a structural point of view. De ¼ 0 repre-
sents the virgin state and 0 � De < 1 characterizes the damaged
state. In addition, functional damage considers the internal variable
Df that represents the loss of functional performance being associ-
ated with damaged material state. The damaged state is character-
ized by 0 � Df < 1, where Df ¼ 0 represents the undamaged
material and Df ¼ 1 is a material state that is not able to perform
any actuation. (Lemaitre & Chaboche, 1990).

Based on that, the thermomechanical behavior of SMAs, includ-
ing functional and structural fatigue, is presented in the sequence.

Stress-strain-temperature relation:

rij ¼ 1� Deð Þ Eijkleekl
� �þ axij b

� � bþ� ��Xij T � T0ð Þ ð6Þ
Evolution equations for the volume fractions:

_bþ ¼ 1
gþ aCþ 1� Df

� �
Kþ Pþ � ah

ijklrklXij T � T0ð Þ � gIK#
h

� gK
ij

1ij
H

� jþ
p

�
þ jþ

v ð7Þ

_b� ¼ 1
g� �aCþ 1� Df

� �
Kþ P� þ ah

ijklrklXij T � T0ð Þ � gIK#�
h

gK
ij

1ij
H

� j�
p

�
þ j�

v

ð8Þ

_bA ¼ 1
gA

1� Df
� �

K@ þ PA þ eeij XA
ij �XM

ij

� �
T � T0ð Þ

h
� 1
2

KA � KM
� �

#2� 1
2HA �

1
2HM

� 	
1ij1ij þ gIK#þ gK

ij

1ij
H

� jA
p

�
þ jA

v ð9Þ
Evolution equations for plasticity:

_epij ¼ c
brij � 1ij

kbrij � 1ijk
ð10Þ

_# ¼
ffiffiffi
2
3

r
cþ gI _bþ þ _b� þ _bA

� �
ð11Þ
9

_1ij ¼
2
3
H _epij þ gK

ij
_bþ þ _b� þ _bA

� �
ð12Þ

Evolution equations for TRIP:

_etripij ¼ 2rij M13b
þ þM31b

A
� �

_bþ þ M32b
� þM23b

A
� �

_b�
n

þ M43b
A þM34 1�bþ � b� � bA

� �h i
_bA
o

ð13Þ

_nþ ¼ _bþ

 

; _n� ¼ _b�

 

; _nA ¼ _bA


 

 ð14Þ

Evolution equation for functional damage:

_Df ¼ C1 þ C2C
rð ÞC3 _bþ

 

þ _b�

 

þ _bA



 

� �
ð15Þ

Evolution equation for structural damage:

_De ¼ C4 þ C5C
rð ÞC6 _eeij




 


þ C7 þ C8C
rð ÞC9 _epij




 


 ð16Þ

Yield surface and its conditions:

f ¼ kbr ij � 1ijk �
ffiffiffi
2
3

r
rY � K#ð Þ ð17Þ

c � 0; f � 0 and cf ¼ 0; c _f ¼ 0 if f ¼ 0 ð18Þ
where c is the plastic multiplier.
These equations use a series of parameters that are related to

different physical processes including thermo-elasto-plasticity,
phase transformation, and transformation induced plasticity.

Damage description considers the function C1 þ C2C
rð ÞC3 to

provide the relation between functional damage and accumulated
phase transformation. Similarly, structural damage considers the

functions C4 þ C5C
rð ÞC6 and C7 þ C8C

rð ÞC9 , respectively related to
elastic and elasto-plastic fatigue. These functions are inspired on
the classical theory of continuum damage proposed by Lemaitre
& Chaboche (1990) considering the parameters C1�3 to control
the evolution of functional damage and C4�9 to control the evolu-
tion of structural damage. Different, complex phenomena are
expressed in this description and the proposed expressions provide
a proper macroscopic description of all of them.

The fatigue life of SMAs is predicted by considering the defini-
tion of a novel equivalent critical damage, Dc , which takes into
account the effects caused by the evolution of functional and struc-
tural damage. Once again, several complex behaviors are involved
in this description and the proposed expression provides a macro-
scopic representation of all of these phenomena. Among these, it
should be pointed out the different structural fatigue behaviors
that can be observed for austenite and martensite (Jaureguizahar
et al., 2016; Zhang et al., 2017; Sgambitterra et al., 2019) and,
therefore, the proposed model considers that the evolution of the
structural damage depends on the volume fraction. Under these
assumptions, the following expression is adopted for the critical
damage that defines the SMA fatigue life:

Dc ¼ fAb
A þ fþbþ þ f�b�

h i
De þ Df ð19Þ

where fA, fþ and f�are parameters employed to represent the
austenite and martensite structural fatigue strength, respectively.
Based on that, the failure is assumed to be the state at which Dc

reaches a critical value, Dcrit
c , which can be estimated through exper-

imental observations. The definition of the critical value is evalu-
ated observing the stress-strain slope at the final cycles, before
the failure.

Considering the thermoelastic parameters, Eijkl is the elastic ten-
sor and Xij is related to the thermal expansion coefficient. Both ten-
sors can be represented by the same general form:
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Eijkl ¼ EM
ijkl þ bA EA

ijkl � EM
ijkl

� �
; Xij ¼ XM

ij þ bA XA
ij �XM

ij

� �
.

The constitutive model employs different parameters to
describe the phase transformation process. In this respect, a is a
parameter that controls the height of the stress-strain hysteresis

loop; K and K@ are temperature functions that define the critical
stress value for the phase transformation.

K ¼ 2KM ¼ �L�0 þ L�

TM
T � TM

� �
if T > TM

�L�0 if T � TM

8<: ð20Þ

K@ ¼ KM þKA ¼ �LA0 þ LA

TM
T � TM

� �
if T > TM

�LA0 if T � TM

8<: ð21Þ

where TM is the temperature below which the martensitic phase

becomes stable for a stress-free state; KM and KA are the stress
phase transformation values for martensite and austenite,
respectively.

Furthermore, ah
ijkl is a fourth-order tensor that controls the

stress-strain hysteresis loop width; rkl is a symmetric second-
order tensor associated with the loading history:

rkl ¼
þ1; if rkl > 0
0; if rkl ¼ 0
�1; if rkl < 0

8><>: ð22Þ

The internal dissipation during the phase transformation is rep-
resented by the parameters gþ,g� and gA.

Concerning classical plasticity parameters, K is plastic modulus;
H is the kinematic hardening modulus. These parameters are

defined considering a rule of mixture: K ¼ KM þ bA KA � KM
� �

and

1
H ¼ 1

HM þ bA 1
HA � 1

HM

� �
, similar to the presented previously for Eijkl

and Xij. In addition, gI defines the coupling between phase trans-
formation and isotropic hardening. The coupling between phase
transformation and kinematic hardening is defined by the
second-order tensor, gK

ij . The yield surface is defined by the yield
stress rY that has different values for austenitic and martensitic
phases.

TRIP effect is described by the parameters
M13;M31;M23;M32;M34 and M43. These parameters have a satura-
tion characteristic defined from TRIP variables:
Fig. 9. Pseudoelastic behavior for the NiTi SMA wires during fatigue tests, r

10
Mij ¼ bMijexp �mMni
� �

, where mM is a saturation parameter. In

addition, other parameters as a, Lþo , L
�
o , L

A
o , L

þ, L�, LA, also presents
a saturation characteristic as follows:

ð Þ ¼ cð Þ nþ exp �mð Þn�
� �

nþ 1

" #
ð23Þ

where n is used to obtain an appropriate adjustment and mð Þ is a
saturation parameter.

Auxiliary variables are also employed to present the thermody-
namical forces, being defined as follows:

xij ¼ 1
3
dij þ

3eeij � eekkdij

3
ffiffiffiffiffiffiffi
3Je2

q
264

375sign eekk
� � ð24Þ

Pþ ¼ 1� Deð Þ Eijkleekla
h
ijpqrpq

� �
þ a b� � bþ� �"1

3
ah
iiklrklþ

2Paffiffiffiffiffiffiffi
3Je2

q sign eekk
� �# ð25Þ

P� ¼ � 1� Deð Þ Eijkleekla
h
ijpqrpq

� �
� a b� � bþ� �"1

3
ah
iiklrklþ

2Paffiffiffiffiffiffiffi
3Je2

q sign eekk
� �# ð26Þ

PA ¼ �1
2

1� Deð Þ EA
ijkl � EM

ijkl

� �
eeije

e
kl ð27Þ

Pa ¼ ah
S

6
r11 � r22ð Þ ee11 � ee22

� �þ r22 � r33ð Þ ee22 � ee33
� �� þ r33 � r11ð Þ ee33�ee11

� �
þ 6ðr12ee12 þ r13ee13 þ r23ee23Þ

� ð28Þ

Phase transformation constraints:
Internal constraints appear in the constitutive equations to

define proper conditions for phase transformations. They can be
represented by sub-differential of the indicator functions or by
Lagrange multipliers, which are essentially described by projec-
tions on a convex set. In this regard, it is important to highlight

jp bþ; b�; bA
� �

that represents the phase coexistence constraints

associated with the convex set p, which can be geometrically inter-
preted by the tetrahedron of volume fraction variables.
max ¼ 750 MPa, 0.25 Hz. (a) experimental result; (b) numerical result.



Table 2
Parameters identified from experimental results for a NiTi wire.

EA (GPa) EM (GPa) XA (MPa/K) XM (MPa/K) ah
N(MPa) ba(MPa)

58.0 36.0 0.74 0.17 0.028 100.0bL�0 (MPa) bL�(MPa) bLA0(MPa) bLA(MPa) gLð ÞNðMPa:sÞ gUð ÞNðMPa:sÞ
6.00 5.00 0.60 105.50 0.10 0.80
gA
L

� �
NðMPa:sÞ gA

U

� �
NðMPa:sÞ TM (K) TA (K) rM

Y (GPa) rAi
Y (GPa)

0.10 0.80 266.0 297.0 0.30 1.15

rAf
Y (GPa) KA (GPa) KM (GPa) HA (GPa) HM (GPa) gI

0.60 1.4 0.4 4.0 1.1 �0.01
gK TF (K) bM13ðGPa�1Þ bM31ðGPa�1Þ bM32ðGPa�1Þ bM23ðGPa�1Þ
�0.01 423.0 0.85 0.05 0.85 0.05

TtripðKÞ ma mL mM n C1

297.0 1.0�10�4 0.1 0.4 0.7 5.0�10�6

C2 C3 C4 C5 C6 C7

5.5�10�12 1.58 5.0�10�12 8.9�10�12 5.0�10�12 8.9�10�12

C8 C9 fA fþ Dcrit
c

1.58 1.58 3.38 0.87 0.16

Fig. 10. Pseudoelastic behavior for the NiTi SMA wires during fatigue tests, rmax ¼ 750 MPa, 0.25 Hz. Numerical-experimental comparative for different cycles: (a) cycle 1; (b)
cycle 10; (c) cycle 50; (d) cycles 2308 (experimental) and 2284 (numerical).
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Fig. 11. Evolution of volume fractions through different cycles to evaluate functional and structural fatigue. (a) cycle 1; (b) cycle 10; (c) cycle 50; (d) cycle 2284.
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Fig. 12. Evolution of the critical stress transformation. Numerical-experimental comparative for rmax ¼ 750 MPa and f = 0.25 Hz. (a) rMs ; (b) rAs .
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Fig. 13. TRIP strain and damage evolution during cyclic tests. (a) TRIP evolution; (b) functional and structural damage evolution; (c) Dc evolution.

Fig. 14. Pseudoelastic behavior for the NiTi SMA wires during fatigue tests, rmax ¼ 1150 MPa, 0.25 Hz. (a) experimental result; (b) numerical result.
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p ¼ bm 0 � bm � 1 m ¼ þ;�;Að Þ;bþ þ b� þ bA � 1


n o

ð29Þ

Another constraint is defined by jv ¼ jv _bþ; _b�; _bA
� �

that repre-

sents the phase transformation constraints, that define the condi-
tions for internal sub-loops due to incomplete phase
transformations related to the convex set v (defined for mechani-
cal loadings and thermal loadings from its subsets).

Phase transformations governed by mechanical loadings, _Cr–0:

v ¼ _bn
_C _bþ � 0; _C _bA � 0 if C0 > 0
_C _b� � 0; _C _bA � 0 if C0 < 0







( )

ð30Þ

Phase transformations governed by thermal loadings, _Cr ¼ 0 (sub-
sets v1, v2, v3):

v1 ¼ _bn _T _bA � 0



n o

ð31Þ

v2 ¼ _bn _T _bþ ¼ 0

if _T > 0; _bþ > 0 and bþ
s –0

if _T > 0;bþ–b
þ
s and bþ

s ¼ 0

if _T > 0; _bA ¼ 0
if _T < 0;Cr ¼ 0 and bþ–b

þ
s

266664












8>>>><>>>>:

9>>>>=>>>>; ð32Þ
Fig. 15. Pseudoelastic behavior for the NiTi SMA wires during fatigue tests, rmax ¼ 1150
(b) cycle 10; (c) cycle 50; (d) cycles 3157 (experimental) and 2619 (numerical).
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v3 ¼ _bn _T _b� ¼ 0

if _T > 0; _b� > 0 and b�
s –0

if _T > 0;b�–b�
s and b�

s ¼ 0

if _T > 0; _bA ¼ 0
if _T < 0Cr ¼ 0 and b�–b�

s

266664












8>>>><>>>>:

9>>>>=>>>>; ð33Þ

where bþ
s and b�

s are the values of bþ and b�, respectively, when
the phase transformation begins.
4. Numerical simulations

Numerical simulations are now carried out in order to show
model capabilities to describe the thermomechanical fatigue of
SMAs. The influence of functional and structural fatigue on the
thermomechanical behavior of SMAs is of special interest. In this
regard, comparisons between numerical and experimental results
are presented to verify the proposed modeling. Experimental
results presented in Section 2.3 are explored as a reference for
the model verification. In all figures related to the numerical-
experimental comparisons presented throughout this Section,
results containing all numerical cycles are presented in the back-
ground, in grayscale, to facilitate the visualization of the strain evo-
lution presented by the material over the cycles. Parameters
presented in Table 2 are employed in all simulations and their
MPa, 0.25 Hz. Numerical-experimental comparative for different cycles: (a) cycle 1;
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choices are based on experimental measurements discussed in Sec-
tion 2, and on the optimization to match experimental data. Sensi-
tivity and uncertainty analyses for one-dimensional media are
discussed in Oliveira et al. (2014).

Initially, a loading process within the yield surface is treated.
For this purpose, consider the experimental test where the pseu-
doelastic NiTi SMA wire is subjected to cyclic tension with peak
stress of 750 MPa (load region: I, II, III) with a frequency of
0.25 Hz, shown in Fig. 9 (a). Fig. 9 (b) presents numerical simula-
tions of the same test, showing a good agreement with experimen-
tal data. The same aspects related with functional damage, directly
related to TRIP, and the same prediction of the failure cycle should
be observed and will be discussed with more details in the
sequence.

Fig. 10 presents the numerical-experimental comparison con-
sidering four different cycles:1, 10, 50, and the last cycle before
failure obtained experimentally (2308) and the last cycle predicted
by the proposed model (2284). Note that the material undergoes a
loss of actuation with the increase of the number of cycles due to
the transformation induced plasticity and the accumulation of
functional and structural damage. Fig. 11 shows the evolution of
volume fractions for the analyzed cycles. During the first cycles,
the material has 100% of its performance capacity. With the evolu-
tion of damage, this percentage gradually decreases until reaching
approximately 60% in the last cycle before the failure, as shown in
Fig. 16. Evolution of volume fractions through different cycles to evaluate function

15
Fig. 11 (d). Fig. 12 shows numerical-experimental comparison of
phase transformation critical stresses, rMs and rAs . It is noticeable
that the loss of functionality caused by the accumulation of dam-
age promotes a significant reduction in phase transformation crit-
ical stresses, which assume similar values in the last cycles before
the rupture. In general, it should be pointed out the good agree-
ment between numerical and experimental results presented in
Fig. 10 and Fig. 12, showing the model capability to describe the
evolution of material response during fatigue tests.

The evolution of TRIP strain and damage is presented in Fig. 13.
Fig. 13 (a) presents the evolution of TRIP showing that the material
undergoes a rapid stabilization when TRIP reaches a constant
value, around 10 cycles. Fig. 13 (b) presents the evolution of func-
tional and structural damage. After 2284 cycles, the functional
damage reaches a value of approximately 12% promoting the
reduction of the functional properties of the material. On the other
hand, the structural damage follows a trend of linear evolution
reaching approximately 2% in the last cycle before the failure.
Fig. 13 (c) shows the evolution of Dc over the cycles until reaching

Dcrit
c ¼ 0:16.
Concerning classical plasticity, consider the experimental test of

the cyclic pseudoelastic behavior presented in Fig. 14 (a). Basically,
the loading process reaches the yield surface, assuming a peak
stress of 1150 MPa (load region: I, II, III, IV), at a frequency of
0.25 Hz. Fig. 14 (b) presents numerical results showing the same
al and structural fatigue. (a) cycle 1; (b) cycle 10; (c) cycle 50; (d) cycle 2619.
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characteristics related to all involved phenomena: phase transfor-
mation, transformation induced plasticity, classical plasticity and
fatigue. The material failure, predicted by the proposed model,
occurs with 2619 cycles, representing a variation of approximately
17% concerning the experimental result.
Fig. 17. Plastic strain, TRIP, and damage evolution during cyclic tests. (a) plastic strain a

Fig. 18. Pseudoelastic behavior for the NiTi SMA wires during fatigue tests

16
Fig. 15 shows the numerical-experimental comparison consid-
ering different cycles: 1, 10, 50, 3157 (experimental result) and
2619 (numerical result). Fig. 16 shows the evolution of volume
fractions for the analyzed cycles. It is noticeable that classic plastic-
ity together with TRIP promotes a rapid loss of performance during
nd TRIP evolution; (b) functional and structural damage evolution; (c) Dc evolution.

, rmax ¼ 530 MPa, 2 Hz. (a) experimental result; (b) numerical result.
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the first cycles, of approximately 50%, as shown in Fig. 16 (c). Nev-
ertheless, after the loss of performance, SMA has not completely
lost its phase transformation capacity. After this stage, the material
loses its phase transformation capacity due to the damage evolu-
Fig. 19. Pseudoelastic behavior for the NiTi SMA wires during fatigue tests, rmax ¼ 530 M
cycle 10; (c) cycle 50; (d) cycles 35,060 (experimental) and 34,970 (numerical).

Fig. 20. Evolution of volume fractions through different cycles to evalu

17
tion, remaining approximately 35% in the last cycle, as can be seen
in Fig. 16 (d).

Fig. 17 (a) shows the evolution of plastic strain and TRIP strain.
Similar to the previous test, it is observed that the material under-
Pa, 2 Hz. Numerical-experimental comparative for different cycles: (a) cycle 1; (b)

ate functional and structural fatigue. (a) cycle 1; (b) cycle 34970.
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goes a rapid stabilization, where plastic strain and TRIP reaches a
constant value after a few loading cycles. Fig. 17 (b) shows the evo-
lution of functional and structural damage. Note that the func-
tional damage has an evolution similar to the one observed
previously, however, the loss of performance caused by plasticity
during the initial cycles reduces the rate of evolution of functional
damage by approximately 50% when compared to the previous
test. Once again, the structural damage follows a trend of linear
evolution reaching approximately 5% in the last cycle before the
predicted failure. Finally, Fig. 17 (c) shows the evolution of Dc until

reaching Dcrit
c ¼ 0:16.

SMA fatigue tests related to elastic responses, without phase
transformations, are presented in the sequence. The first test con-
siders the elastic cyclic loading in the austenitic phase, varying
between 230 and 530 MPa (load region: I) at a frequency of 2 Hz,
as shown in Fig. 18 (a). Fig. 18 (b) shows numerical simulations
of the same test. Fig. 19 shows a comparison between numerical
and experimental results for different cycles: 1, 10, 50, 35,060 (ex-
perimental result) and 34,970 (numerical result predicted by the
model). TRIP effect and functional damage are not present since
Fig. 21. Damage evolution during cyclic tests. (a) function

Fig. 22. Pseudoelastic behavior for the NiTi SMA wires during fatigue tests,
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there is no phase transformation. Results addressed in Fig. 19 show
that in the absence of phase transformation, the maximum strain
presented over the cycles is around 1%. Therefore, the changes
observed in the response of the material can be essentially associ-
ated with the evolution of structural damage. Fig. 20 presents the
evolution of volume fractions for the first and last cycle confirming
that response is restricted to the austenitic phase. Fig. 21 (a) pre-
sents the evolution of functional and structural damage. The func-
tional damage remains constant and equal to zero during all
loading process. On the other hand, structural damage reaches a
value of approximately 5% in the last cycle. Fig. 21 (b) shows the
evolution of Dc . It should be highlighted that the model represents
the thermomechanical behavior of the SMAs subjected to loads
where phase transformations do not occur, presenting a fatigue
failure estimation coherent with experimental data.

The next test aims to evaluate the evolution of structural dam-
age due to elastic response in the martensitic phase (load region:
III). A training procedure with peak stress of 900 MPa and a fre-
quency of 1 Hz, followed by a cyclic loading within the martensitic
elastic region at a frequency of 2 Hz. Therefore, the accumulation of
al and structural damage evolution; (b) Dc evolution.

rmax ¼ 900 MPa, 1, 2 Hz. (a) experimental result; (b) numerical result.
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functional damage occurs only during the first 50 cycles, remaining
constant afterward. Fig. 22 (a) shows the experimental result,
while Fig. 22 (b) presents numerical simulations obtained from
the proposed model.

Fig. 23 shows the numerical-experimental comparison for
cycles 1, 10, 50, 27,220 (experimental result), and 26,966 (numer-
ical result predicted by the model). After the training process, an
evolution of residual strain is observed within the martensitic elas-
tic region, due to the evolution of structural damage. In general, the
model is capable to capture the main aspects of functional and
structural fatigue, being in close agreement with experimental
tests.

Fig. 24 shows the evolution of volume fractions showing that
phase transformations occur only before the 50th cycle and, after-
ward, a martensitic elastic response is observed, without phase
transformations. Besides, due to loading applied, it is observed that
the inverse transformation during the first cycles does not occur
completely, affecting the hysteresis loop and causing a significant
reduction of the volume fractions through the cycles.

Fig. 25 (a) presents the evolution of TRIP strain during the first
50 cycles showing that the material undergoes a rapid stabiliza-
tion, where TRIP strain reaches a constant value, around 20 cycles.
Fig. 25 (b) presents the evolution of functional and structural dam-
age during cyclic loading process showing that, after 50th cycle,
Fig. 23. Pseudoelastic behavior for the NiTi SMA wires during fatigue tests, rmax ¼ 900 M
cycle 10; (c) cycle 50; (d) cycles 27,220 (experimental) and 26,966 (numerical).
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the functional damage stabilizes while the structural damage
increases linearly up to a maximum value of approximately 18%
in the last cycle before failure. Fig. 25 (c) shows the evolution of

Dc over the cycles until reaching Dcrit
c ¼ 0:16.

Table 3 shows the comparison of experimental fatigue lifetime
and predicted by the proposed model. It should be pointed out a
good fatigue life prediction of SMAs subjected to different loading
conditions.

From the simulations presented, it is concluded that the model
shows the ability to capture the general thermomechanical behav-
ior associated with SMAs taking into account the classical plastic-
ity, TRIP effect, functional and structural fatigue during cyclic
loadings, showing a good agreement with experimental data.
4.1. Influence of structural damage on the loss of actuation
performance

In order to evaluate the influence of structural damage on the
loss of actuation of SMA functional properties, a numerical simula-
tion is presented establishing a comparison between the complete
model (CM), with structural and functional damage, and the model
considering only functional damage (FFM). A loading process with
peak stress of 750 MPa and a frequency of 0.25 Hz is employed.
Pa, 1, 2 Hz. Numerical-experimental comparative for different cycles: (a) cycle 1; (b)



Fig. 24. Evolution of volume fractions through different cycles to evaluate functional and structural fatigue. (a) cycle 1; (b) cycle 10; (c) cycle 50; (d) cycle 26966.
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Fig. 26 presents results showing stress-strain curves for different
cycles of the SMA response, volume fractions and damage evolu-
tions. Note that the structural damage evolution changes the ther-
momechanical behavior of the material modifying its functional
characteristics. Nevertheless, the actuation performance is not sig-
nificantly affected due to the structural damage as can be seen in
Fig. 26 (c) that shows the volume fraction evolutions for cycle
2284. In this regard, it is concluded that the structural damage acts
together with the functional damage to promote the loss of func-
tionality, but the functional damage is preponderant to define
the functional properties.
5. Conclusions

The present contribution proposes a three-dimensional consti-
tutive model to describe thermomechanical behavior of shape
memory alloys including structural and functional fatigue. The
model is developed within the framework of generalized standard
materials formalism. Local continuum damage is employed to
describe structural and functional damage. A novel equivalent crit-
20
ical damage is proposed in order to define the fatigue life consider-
ing different behaviors of martensitic and austenitic phases. The
main macroscopic characteristics presented by pseudoelastic SMAs
subjected to fatigue tests are analyzed through experimental
approach. Experimental results allow one to verify the influence
of the stress levels and frequency on the SMA functional properties.
Four kinds of results are treated: the first one considers a loading
process within the yield surface in order to analyze the influence
of TRIP, functional and structural damage. The second one consid-
ers a loading process that reaches the yield surface evaluating the
effect of plasticity on the fatigue life. The two other tests are per-
formed without phase transformations estimating the influence
of structural damage on the response of the material. Numerical
simulations are carried out and compared with experimental data.
In general, the model is capable to capture the main features of
SMA thermomechanical behavior, including several phenomena.
Structural and functional fatigue are represented in close agree-
ment with experimental tests, allowing proper predictions of fati-
gue life and loss of actuation. A numerical simulation is carried out
in order to evaluate the influence of structural damage on the loss
of actuation performance. Structural damage acts together with



Fig. 25. TRIP strain and damage evolution during cyclic tests. (a) TRIP evolution; (b) functional and structural damage evolution; (c) Dc evolution.
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the functional damage promoting the reduction of the SMA func-
tional properties. Nevertheless, the functional damage is prepon-
derant on the loss of functionality.
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Appendix A

This appendix presents a brief discussion about constitutive
model parameters. A detailed description can be found in
Oliveira et al. (2014), Oliveira et al. (2016), Oliveira et al. (2018);
Paiva et al. (2005), and Dornelas et al. (2020).

The phase transformation parameter ah
ijkl is a fourth-order ten-

sor that controls the stress-strain hysteresis loop width. Due to
21
symmetry assumptions, ah
ijkl can be represented by a matrix consid-

ering the parameters ah
N and ah

S , related to normal and shear behav-
iors respectively, similar to the isotropic elastic tensor.

ah
ijkl �

ah
N ah

N � ah
S ah

N � ah
S 0 0 0

ah
N � ah

S ah
N ah

N � ah
S 0 0 0

ah
N � ah

S ah
N � ah

S ah
N 0 0 0

0 0 0 ah
S 0 0

0 0 0 0 ah
S 0

0 0 0 0 0 ah
S

2666666664

3777777775
ðA:1Þ

Besides, rkl is a symmetric second-order tensor associated with
the loading history.

rkl ¼
þ1; if rkl > 0
0; if rkl ¼ 0
�1; if rkl < 0

8><>: ðA:2Þ

On situations where mechanical loadings are obtained through
non-simultaneous, multiaxial loadings, the rkl is calculated for the
subsequent loadings (assuming stress driving cases), as shown
below:

rkl ¼ rkl

Smax
kl



 

 if bþ–0orb�–0 ðA:3Þ



Fig. 26. Comparison between numerical results obtained considering only functional damage (FFM) and considering functional and structural damage on the analysis (CM).
(a) cycle 1; (b) cycle 2284; (c) volume fraction evolution for cycle 2284; (d) functional and structural damage evolution.

Table 3
Comparison between experimental results and predicted by the proposed model.

Frequency (Hz) rmax(MPa) Nf (experimental) Nf (predicted) Variation (%)

Pseudoelastic 0.25 750 2308 2284 1.0
Pseudoelastic - plasticity 0.25 1150 3157 2619 17.0
Elastic - austenitic phase 2 530 35,060 34,970 0.3
Elastic - martensitic phase 1, 2 900 27,220 26,966 0.9
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where Smax
kl is the maximum value of the mechanical loading that

can be a stress or a strain. Additionally, note that rkl

Smax
klj j ¼ 0 if

Smax
kl ¼ 0.
The internal dissipation during the phase transformation can be

defined taking into account different characteristics of the phase
transformation kinetics during loading and unloading processes.
Thus, different values can be associated with the parameters
gþ,g� and gA:

g� ¼ g�
L if _C > 0

g� ¼ g�
U if _C < 0


; gA ¼ gA

L if _C > 0
gA ¼ gA

U if _C < 0


(A.4)
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The parameters gþ
L , g�

L , g
þ
U , g�

U , gA
L and gA

U are calculated consid-
ering fourth-order tensors, assuming the isotropy of the material.
For this purpose, consider a general formulation defined from the
symbol N that represents each of the previous parameters, as
follows:

Nð Þ ¼ rijðfN Þijklrkl if Cr–0
Nð Þ ¼ Nð ÞNotherwise

(
ðA:5Þ

where ðfN Þijkl is given by:
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ðfN Þijkl �

Nð ÞN Nð ÞN � Nð ÞS Nð ÞN � Nð ÞS 0 0 0
Nð ÞN � Nð ÞS Nð ÞN Nð ÞN � Nð ÞS 0 0 0
Nð ÞN � Nð ÞS Nð ÞN � Nð ÞS Nð ÞN 0 0 0

0 0 0 2 Nð ÞS 0 0
0 0 0 0 2 Nð ÞS 0
0 0 0 0 0 2 Nð ÞS

2666666664

3777777775
ðA:6Þ

where Nð ÞN and Nð ÞS represents normal and shear components of
the specific parameter, respectively.

Concerning classical plasticity parameters, K is plastic modulus;
H is the kinematic hardening modulus. These parameters are

defined considering a rule of mixture: K ¼ KM þ bA KA � KM
� �

and

1
H ¼ 1

HM þ bA 1
HA � 1

HM

� �
, similar to the presented previously for Eijkl

and Xij. In addition, gI defines the coupling between phase trans-
formation and isotropic hardening. The coupling between phase
transformation and kinematic hardening is defined by the
second-order tensor, as follows:

gK
ij � gK

1 1 1
1 1 1
1 1 1

264
375 ðA:7Þ

The yield surface is defined by the yield stress rY that has differ-
ent values for austenitic and martensitic phases. Their values are
also temperature dependent and the following macroscopic adjust-
ment is employed:

rY ¼ rM
Y if T � TM

rY ¼ rM
Y TA�Tð ÞþrAi

Y T�TMð Þ
TA�TM

if TM < T � TA

rY ¼ rAi
Y TF�Tð ÞþrAf

Y T�TAð Þ
TF�TA

if TM < T � TF

8>>><>>>: ðA:8Þ

where TA is the temperature above which the austenitic phase is
stable;TF is a reference temperature for the determination of the
yield stress for high temperatures; rM

Y is yield stress of the marten-

sitic phase; rAi
Y and rAf

Y define the thermal variation of the yield
stress of the austenitic phase.

TRIP effect is described by the parameters
M13;M31;M23;M32;M34 and M43. These parameters have a satura-
tion characteristic defined from TRIP variables:

Mij ¼ bMijexp �mMni
� �

, wheremM is a saturation parameter. To con-

trol the amount of TRIP strain at different temperatures, the fol-
lowing expressions are defined:

bMij ¼
0 if T < Ttrip

bMR

ij
T�Ttripð Þ
TF�Ttripð Þ if T � Ttrip

8<: ðA:9Þ

where bMR

ij is a reference value of bMij at T ¼ Ttrip and Ttrip is a temper-
ature below which TRIP should not occur.

In addition, other parameters as a, Lþo , L
�
o , L

A
o , L

þ, L�, LA, also pre-
sents a saturation characteristic as follows:

ð Þ ¼ cð Þ nþ exp �mð Þn�
� �

nþ 1

" #
ðA:10Þ

where n is used to obtain an appropriate adjustment and mð Þ is a
saturation parameter.
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