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Abstract
Vibration-based energy harvesting has received great attention over the last years. The evaluation of the power output
of the energy harvesters for different excitation frequencies and amplitudes of vibration has an important role in the
design of the devices. In this regard, a wide range of nonlinear effects is observed having considerable influence on the
generated power. The main goal of this contribution is to investigate the effect of the piezoelectric hysteretic behavior
on the vibration-based energy harvesters. An archetypal model is employed to this aim by considering a one-degree-of-
freedom mechanical system coupled to an electrical circuit by a piezoelectric element. Different hysteretic behaviors are
investigated by considering the Bouc–Wen model. Numerical simulations are carried out establishing a comparison
among hysteretic, nonlinear, and linear piezoelectric behaviors showing their influence on system dynamics.
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Introduction

Smart materials have adaptive characteristics present-
ing a coupling between different fields such as mechani-
cal, electrical, magnetic, and temperature. Specifically,
piezoelectric materials have an electromechanical cou-
pling presenting direct and inverse effects. Among the
most important applications of piezoelectricity, the fol-
lowing should be highlighted: active vibration control,
precision shape control, damage detection, and struc-
tural health monitoring (Crawley and de Luis, 1987; Hu
and Ng, 2005).

Vibration-based energy harvesting is another pro-
mising use of the piezoelectric materials (Erturk and
Inman, 2011; Liao et al., 2001). Energy harvesting has
an increasing importance nowadays being the objective
of several research efforts (Roundy et al., 2004).
Mechanical vibration energy can be converted into
electrical energy through piezoelectric elements used
for power harvesting in various forms of structure
(Sodano et al., 2004). As a result, electrical power can
be stored or used to directly run and maintain low-
power devices.

In recent years, there are several theoretical and
experimental studies that investigate the design and per-
formance optimization of vibration-based energy har-
vesters (duToit and Wardle, 2006; Erturk and Inman,

2008; Roundy et al., 2004; Sodano et al., 2004; Triplett
and Quinn, 2009). In order to estimate the amount of
power output of energy harvesting devices, several
mathematical models have been developed to describe
electromechanical coupling mechanisms. In this regard,
the description of the piezoelectric electromechanical
behavior points to a nonlinear constitutive behavior
with hysteretic characteristics. Nevertheless, it is usual
to adopt a linear relation between strain and electrical
field. Under this assumption, there is a single constant
for all values of strain–electrical field, known as the
coupling coefficient.

The linear description of the piezoelectric materials
can provide inconsistencies in the power output predic-
tion of the energy harvester, as shown in Kim et al.
(2010). duToit and Wardle (2006) showed that the use
of linear constitutive relations underpredicted the
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experimental voltage produced from energy harvesting
devices. Nonlinear effects have been identified in sev-
eral situations. Crawley and Anderson (1990) presented
experimental results by considering nonlinear behavior
of the strain–electrical field, providing the evidence that
a linear model is not valid for large strains. Triplett and
Quinn (2009) treated a dynamical system with non-
linear stiffness considering nonlinear piezoelectric con-
stitutive relation. The analysis of the power generated
by the harvesting system suggests that nonlinear effects
have considerable influence on the results and coincides
with the inconsistencies in predicting the amount of
power generated from the harvesting systems found in
previous researches (duToit and Wardle, 2006).

This contribution deals with the vibration-based
energy harvesting investigating hysteretic behavior of
the piezoelectric element. An archetypal system com-
posed by a one-degree-of-freedom mechanical system
connected to an electrical circuit by a piezoelectric ele-
ment is adopted. A discussion on the constitutive mod-
eling of the piezoelectric materials is presented, using
the Bouc–Wen model to describe hysteretic behavior.
The main goal of this contribution is to investigate the
effect of the hysteretic behavior on energy harvesting.
Therefore, different hysteretic curves are investigated,
and results are compared with those obtained with non-
linear and linear piezoelectric behaviors showing the
influence of the hysteresis on system dynamics.

Vibration-based energy harvesting

An archetypal model to describe the vibration-based
energy harvesting system is shown in Figure 1. It con-
sists of a mechanical system connected to an electrical
circuit by a piezoelectric element, responsible for the
electromechanical conversion. A mass–spring–damper
oscillator, with mass m, stiffness k, and a linear viscous
coefficient b, represents the mechanical system. This
system is subjected to a base excitation u = u(t); the
mass displacement is represented by y and z is the mass
displacement relative to the base. An electrical resis-
tance R represents the electrical circuit and Q denotes
the electrical charge. The electromechanical coupling is
provided by the piezoelectric element being represented
by X.

Therefore, the system dynamics may be described by
the following equation

mz00+ bz9+ kz� X
C

Q= � mu00 ð1Þ

RQ9� X
C

z+
Q

C
= 0 ð2Þ

where (�)0[d(�)/dt.
The electromechanical coupling provided by the

piezoelectric element, X, needs to be properly described

by some constitutive equation. The next section treats
this modeling.

Piezoelectric constitutive equations

The description of the three-dimensional (3D) behavior
of the piezoelectric materials is now in focus. Hence,
consider that Si represent the strain, Ti represent the
stress, Di denote the electric displacement, and Ei the
applied field. The elastic compliance, piezoelectric cou-
pling, and permittivity matrices are denoted, respec-
tively, by sij, dij, and eij. The superscript ‘‘E’’ stands for
measurements at zero or constant electric field, and ‘‘T’’
denotes measurements that are taken at zero or con-
stant stress. Therefore, the 3D constitutive equations
are given by

Si = sE
ijTj + dmiEm (inverse effect) ð3Þ

Dm = dmiTi + eT
mkEk (direct effect) ð4Þ

The inverse effect is associated with the generation of
strain/stress in response to an applied electrical field,
and the direct effect is related to electrical charge that
is a response to an applied strain/stress. It is assumed
that an axis-3 is associated with the poling direction,
perpendicular to directions 1 and 2.

Some physical situations such as cantilever beams
can be modeled as one-dimensional (1D) media, and
therefore, the piezoelectric element can be designed to
operate in either d31 or d33 mode of vibration depending
on the arrangement of the electrodes. Figure 2(a) shows
the d33 mode where stress is applied along axis-3 (in the
direction of polarization), and the charge is collected in
the same direction. The d31 mode, however, has stress
applied along axis-1 (perpendicular to the direction of
polarization), and charge is collected on the same sur-
face as earlier (Figure 2(b)).

Coefficient dij establishes the relation between elec-
tric displacement and stress or strain and electric field.
The linear model considers this piezoelectric coefficient
as the slope of the linear fit of the strain–voltage curve

Figure 1. Archetypal model of the vibration-based energy
harvesting system.
Source: Triplett and Quinn (2009).
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(Kang et al., 2011). Nevertheless, experimental data
show that this electromechanical behavior is strongly
dependent on the electric field intensity above certain
threshold values, as shown in Figure 3(a), from experi-
mental data of Crawley and Anderson (1990). From
this curve, it is possible to use a secant method in order
to determine the value of d31 as a function of strain
(Figure 3(b)). Therefore, linear constitutive relation can
be represented by a single constant value for all strain–
electric fields (dashed curve in Figure 3(b)). A non-
linear approach of the piezoelectric coupling coefficient
can be established by assuming a linear dependence on
the induced strain, as proposed by Triplett and Quinn
(2009) (dotted curve in Figure 3(b)).

Nonlinear approach for piezoelectric coupling coef-
ficient proposed by Triplett and Quinn (2009) is
described by the following equation

X= u 1+b zj jð Þ ð5Þ

where u and b are linear and nonlinear piezoelectric
coupling coefficients, respectively. This approximation
indicates that the coefficient can adopt different values
depending on the induced strain.

Besides the nonlinear aspects presented in Figure 3,
piezoelectric materials have a number of different non-
linear behaviors. Hysteretic behavior can be observed
in the electric field–strain curves. Figure 4 presents the

general electromechanical hysteretic behavior of piezo-
electric materials, showing the following curves: strain–
electrical field, d31–electrical field, and d31–strain.
(Crawley and Anderson, 1990; Herdiera et al., 2007).

The hysteretic behavior of piezoelectric materials
can be described by the Bouc–Wen model (Bouc, 1967),
which has received an increasing interest due to its
capability to capture a range of shapes of hysteretic
cycles that match the behavior of a wide class of sys-
tems. In particular, it has been used to model piezoelec-
tric elements. In our study, the Bouc–Wen model is
employed to describe the strain-dependent hysteresis of
the piezoelectric coupling, being represented by the fol-
lowing equations

X=L(1+ . zj j+ x aj j) ð6Þ

a9= � g z9j j aj jn�1
a� lz9 aj jn +Az9 ð7Þ

where X=X z,að Þ represents the hysteretic piezo-
electric coupling as the superposition of an elastic
component L(1+ . zj j), similar to the nonlinear
model, and a hysteretic component Lx aj j. The hys-
teretic behavior is described with the aid of a nondi-
mensional variable a, and A, g, l, and n are
nondimensional parameters, which control the shape
and the size of the hysteresis loop. These parameters
are adjusted in order to match experimental data of
piezoelectric materials. This allows us to properly
describe the electromechanical behavior of these
materials. Several works discussed the physical mean-
ing of these parameters (Ikhouane et al., 2007).

Equations of motion

Based on the discussion on constitutive models pre-
sented in the previous section, the energy harvesting
system is now modeled. Therefore, piezoelectric consti-
tutive equations are used together with the Bouc–Wen
model in order to describe the hysteretic behavior of
the piezoelectric element. Under these assumptions, the
following equations of motion are adopted to describe
the archetypal system presented in Figure 1

Figure 3. Electromechanical behavior of the piezoelectric materials: (a) electric field–strain curve and (b) d31–strain curve.
Source: Crawley and Anderson (1990).

Figure 2. Operating mode of piezoelectric energy harvester
transducer with axis-3 as a poling direction: (a) d33 mode and (b)
d31 mode.
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mz00+ bz9+ kz� X
C

Q= � mu00 ð8Þ

RQ9� X
C

z+
Q

C
= 0 ð9Þ

a9= � g z9j j aj jn�1
a� lz9 aj jn +Az9 ð10Þ

X=L(1+ . zj j+ x aj j) ð11Þ

In order to obtain a nondimensional system, it is
defined that coordinates z= cxx and u= cxv, where cx

is a constant with dimension of inverse length.

Moreover, it is assumed that Q= cqq and t =
ffiffiffiffiffiffiffiffiffi
k=m

p
t,

where cq is a constant with dimension of inverse charge

and
ffiffiffiffiffiffiffiffiffi
k=m

p
is a frequency O. Using 2§ ¼ b=mO

e= c2
q=c2

xmO2C, u=(cx=cq)L, r ¼ RCO, h= cx.,
q= cxOg, m= cxOl, and B= cxOA. In these equa-

tions, ð _�Þ0[dð�Þ=dt, where t is the nondimensional
time (Triplett and Quinn, 2009). The equations of
motion are then rewritten as follows

€xþ 2§ _xþ x� 2 Yq ¼ d sinvt � f ð12Þ
r _q�Yx+ q= 0 ð13Þ

_a= � q _xj j aj jn�1
a� m _x aj jn +B _x ð14Þ

Y= u 1+h xj j+ x aj jð Þ ð15Þ

where d sin(vt � f) is a nondimensional excitation
associated with base motion.

Numerical simulations are performed by employing
the fourth-order Runge–Kutta method. In order to
establish a comparison of the energy harvesting system
dynamics, three different models for the piezoelectric
electromechanical behavior are adopted: linear, non-
linear, and hysteretic. The instantaneous nondimensional
electrical power is evaluated using the equation P= r _q2.

Numerical simulations: linear and
nonlinear models

This section discusses numerical simulations of the
energy harvesting system establishing a comparison
between linear and nonlinear models, following the
same idea developed by Triplett and Quinn (2009). It

should be highlighted that the coupling coefficient is
assumed to be Y= u 1+h xj j+ x aj jð Þ, and the defini-
tion of the linear model assumes h = 0 and x = 0. This
approach is valid for systems with small induced strains
(Kim et al., 2010). Let us start the analysis by consider-
ing a linear model to describe piezoelectric coupling
with d= 2:0, §= 0:025, r= 1:0, e= 1:0, and a= 0:0.
These parameters are based on the study by Triplett
and Quinn (2009), which considers the equivalent non-
dimensional parameters obtained from experimental
piezoelectric energy harvester developed by duToit and
Wardle (2007). Figure 5(a) shows the results of average
nondimensional power versus frequency. Figure 5(b)
shows the results of the maximum nondimensional
average power harvested as a function of linear piezo-
electric coefficient. Note that there is an optimum value
of u close to 1.2.

The nonlinear model is now in focus by assuming
the hysteretic coefficient x = 0 and different values for
nonlinear coefficient h. The strain-dependent nonlinear
model seems to be more appropriate to represent sys-
tems with large induced strains as pointed by Crawley
and Anderson (1990). Figure 6(a) shows the results of
the average nondimensional power versus frequency
for u = 1 and different values of nonlinear coefficient
h. Note that the increase in the nonlinear effect tends
to shift maximum value of the power curve to the left.
It is also noticeable that the maximum value changes,
increasing and then decreasing. Figure 6(b) shows the
results of maximum nondimensional average power
harvested as a function of h or different values of linear
coefficient u.

Numerical simulations: hysteretic model

This section discusses the influence of the piezoelectric
coupling hysteretic behavior on the energy harvesting
system. Initially, we present quasi-static simulations
that assume that the hysteresis loop of coupling coeffi-
cient is defined around average values defined from the
nonlinear model (Triplett and Quinn, 2009). Quasi-
static simulations are performed using equations (14)
and (15) and assuming that a sinusoidal strain is pre-
scribed, z = sin(vt), with v = 2p.

Figure 4. Electromechanical behavior of piezoelectric materials: (a) electric field–strain curve (Crawley and Anderson, 1990), (b)
d31–electrical field (Herdiera et al., 2007), and (c) d31–strain curve derived from generic electric field–strain curve.

Silva et al. 1281



Basically, three different average values of slopes are
assumed as presented in Figure 7(a): 0.5, 1.0, and 2.0.
All of them have approximately the same area. Besides,
several hysteresis shapes are analyzed as shown in
Figure 7(b), which illustrates this idea presenting cases
around average value of 1.0. Three different situations
related to hysteresis loop are considered: low, medium,
and high hysteresis loop. These variations allow one to
have a qualitative comprehension of the hysteresis loop
influence, simulating different behaviors known as
‘‘hard’’ and ‘‘soft’’ piezoelectric transducer (PZT). In
brief, soft PZT has higher piezoelectric constant, but
larger losses in the material due to internal friction.
Whereas hard PZT presents domain wall motion that is
pinned by impurities, thereby lowering the losses in the
material, but at the expense of a reduced piezoelectric
constant (Stoleriu et al., 2010).

At this point, dynamical behavior of the energy har-
vesting system is analyzed using equations (12) to (15)
under prescribed harmonic base excitation. Initially,
dynamical evolution of the piezoelectric coupling beha-
vior is investigated. The same three average values of
slopes considered in the quasi-static analysis are

considered (0.5, 1.0, and 2.0). Figure 8 presents the
dynamic evolution of the piezoelectric coupling beha-
vior Y as a function of displacement, establishing a
comparison with the nonlinear model. Note that the
dynamic response evolves from the quasi-static config-
uration to a different one, with distinct average slope
and area. When the average slope is 0.5 (Figure 8(a)),
there is a considerable increase in the hysteresis area
when compared with the quasi-static behavior (Figure
7(a)). Moreover, the average slope decreases, and the
value of the piezoelectric coupling at x = 0 moves for
larger values from the initial position to the steady
state. This effect becomes smaller when the initial aver-
age value increases and almost disappears when the
average slope is 2.0 (Figure 8(c)). Another aspect that
should be pointed out is that initially, the wing curve
format has an asymmetric aspect, tending to become
symmetric in the steady-state response. This behavior
can be explained by observing the displacement time
history. Let us consider the sets of parameters related
to Figure 8 for this aim. The displacement time history
for these systems are presented in Figure 9 that shows a
transient response related to changes in hysteretic

Figure 5. (a) Average nondimensional power harvested as a function of frequency for different values of linear piezoelectric
coupling and (b) maximum nondimensional average power harvested as a function of linear piezoelectric coefficient.

Figure 6. (a) Average nondimensional power harvested as a function of frequency for different values of nonlinear coefficient h

(u = 1) and (b) maximum nondimensional average power harvested as a function of nonlinear coefficient h for different values of u.
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behavior, and a steady-state response, associated with a
symmetric hysteretic wing.

The forthcoming analysis is related to the nondimen-
sional average power generated in the energy harvesting
system. Essentially, different frequency excitations are
considered evaluating the general behavior of the sys-
tem. Once again, different hysteretic behaviors are of
concern, establishing a comparison with linear and
nonlinear models. Figure 10 shows the average power
as a function of frequency for three different average
slopes of the piezoelectric coupling behavior shown in
Figure 8. When compared with the linear model, both
nonlinear and hysteretic models have similar behaviors.
As the average slope of the piezoelectric coupling
increases, the maximum power frequency presents a
shift to the left. Their maximum values initially increase
and then decrease. Now, when comparing results of the
nonlinear model with those of the hysteretic models, it
is possible to see that the maximum power is always
greater for the hysteretic case, and these maxima
increase as the average slope decreases.

Now, we want to investigate the influence of the hys-
teresis loop area on the energy harvesting power.
Figure 11 presents the dynamic behavior of the piezo-
electric coupling Y as a function of displacement
around a slope value of 1.0 but with different hysteresis
area, as shown in the quasi-static analysis (Figure 7(b)).

The same effects observed in Figure 8 can be observed
here: the average slope decreases from the initial state
to the steady state. Moreover, the value of the piezo-
electric coupling at x = 0 moves for larger values, and
these effects become increasingly greater with the
increase in the hysteresis.

Figure 12 shows the average power as a function of
frequency for these three hysteretic piezoelectric cou-
plings shown in Figure 11. Note that the power
increases and then decreases slightly when hysteretic
behavior increases. Besides, there is a movement of the
peak values for high frequencies in comparison with
nonlinear model. As expected, low hysteretic behavior
presents responses close to the nonlinear model.

The general tendency of the maximum value of the
generated average power is summarized in Figure 13.
Linear, nonlinear, and hysteretic results are plotted
together versus different levels of hysteresis. Therefore,
since linear and nonlinear models do not present hys-
teresis, they have constant values for all simulations.
These values are plotted in the first position of the hori-
zontal axis. The slope of the nonlinear model and the
hysteresis loop area establish a competition that can
cause the increase or the decrease in the maximum
power value. The maximum of the average power ini-
tially increases and then decreases with the increase in
the hysteresis loop area of the piezoelectric coupling.

Figure 7. (a) Quasi-static Y x,að Þ as a function of strain around three different average values of slopes and (b) three different
quasi-static Y x,að Þ as a function of strain around average value of 1.0.

Figure 8. Three different dynamic behaviors of the piezoelectric coupling Y x,að Þ as a function of displacement around one average
value of slope of (a) 0.5, (b) 1.0, and (c) 2.0 (v = 1 and T = 2p).
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These results suggest that there is an optimum hystere-
tic behavior that increases the power output of the
energy harvester.

Conclusion

This article deals with the influence of the hysteretic
behavior of the piezoelectric element on vibration-based
energy harvesting systems. The Bouc–Wen model is

employed to describe the electromechanical hysteretic
behavior of the piezoelectric element. Numerical simula-
tions are carried out considering different hysteretic
behaviors showing their influence on system dynamics.
Results of the hysteretic system are compared with those
obtained for nonlinear and linear piezoelectric behaviors.
The average slope of the hysteresis and the hysteresis
level of piezoelectric coupling establish a competition to
define the generated power. Results show that piezoelec-
tric hysteretic nonlinearity can significantly influence the
performance of the system in terms of the harvested
power. Moreover, it is important to observe that results
suggest that there is an optimum hysteretic behavior that
increases the power output of the energy harvesters.
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