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Abstract
Mechanical energy harvesting has increasing scientific and technological interests due to novel
energetic challenges. A critical issue in classical cantilever-based mechanical energy harvesting
systems is the lack of multidirectional energy conversion capabilities and, due to that, deviations
from the excitation source can drastically reduce their performance. This limitation has led to
the development of energy harvesters with attached pendula, serving as a direction coupling
mechanism. Nevertheless, the pendulum structure itself can act as an energy absorber,
drastically reducing the harvester performance in certain scenarios. In order to overcome this
issue, a hybrid multidirectional pendulum-based energy harvester has been introduced by the
authors. The hybrid transduction integrates a piezoelectric element to capture energy from the
principal direction and an electromagnetic transducer to harness rotational energy from the
pendulum. This paper presents an in-depth analysis of the hybrid multidirectional
pendulum-based energy harvester using a nonlinear dynamics perspective to evaluate the energy
harvesting performance. A reduced-order model is proposed to represent the essential
characteristics of such systems. A parametric analysis using a nonlinear dynamics perspective is
carried out to map the system dynamics and performance. The emergence of complex and rich
dynamics is observed, including chaos and hyperchaos. Results reveal the most and least
effective combinations of structural parameters in terms of energy conversion. Additionally, the
dynamical responses and patterns associated with high performance are identified. These
responses are often characterized by a blend of irregular complex behaviors, coupled with a mix
of oscillatory and rotational patterns of motion, resulting in wider bandwidth systems.

Supplementary material for this article is available online
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1. Introduction

Mechanical energy harvesting using smart materials and struc-
tures is an emergent technology that has gained significant
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attention from researchers since the work done by Williams
and Yates (1996). In this regard, the continuous improvements
in the semiconductor technology of the 4.0 industry are facilit-
ating the decrease in energy usage in electronic systems (Zhu
et al 2020). This reduction is enabling the usage of environ-
mental mechanical energy sources such as sound, vibration,
tidal, sea waves, wind, and biomechanical motion, as a viable
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alternative to enhance the autonomy of electronic devices, with
the potential to fully replace the battery in some cases (Toprak
and Tigli 2014, Sebald et al 2023).

Autonomous wireless sensors, internet of things, and
micro- and nano-electromechanical systems are just a few of
the fields in which mechanical energy harvesting technology
finds broad applications (Dutoit et al 2005, Izadgoshasb 2021).
Large-scale systems also appear as a potential field of applica-
tion (Zuo and Tang 2013). Numerous studies regarding cap-
turing energy from civil infrastructure are reported. Erturk
(2011) and Peigney and Siegert (2013) have demonstrated the
potential of energy harvesting from traffic-induced vibrations.
Elhalwagy et al (2017) and Wang et al (2018) have shown
the energy conversion from the small deformation of com-
pressive loading on pavements and buildings. The biomed-
ical field is also targeted as a promising field of application.
Deterre et al (2012) and Dagdeviren et al (2014) showed the
usage of flexible energy harvesters to power implantable med-
ical devices, by harnessing energy from the biomechanical
motion of internal organs such as lungs, heart, and diaphragm.
Wildlife monitoring is also reported in the biomedical field (Li
et al 2022). Furthermore, the powering of wearable devices by
the conversion of biomechanical motion energy (Delnavaz and
Voix 2014, Zhao et al 2019, Liu et al 2021), offshore applica-
tions for tidal and wave energy harvesting (Nabavi et al 2018),
and health monitoring of vehicle parts are also reported applic-
ations (Lee and Choi 2014, Tavares and Ruderman 2020).

To convert the mechanical energy into electrical energy,
transduction mechanisms are utilized. Electromagnetic trans-
duction is the classical electromechanical conversion mechan-
ism. Its working mechanism is based on the principle of elec-
tromagnetic induction, where a current is induced in a con-
ductor when a magnetic flux around the conductor changes.
This type of transduction mechanism is commonly used in
large-scale robust applications but can be used in microenvir-
onments as well (Cepnik et al 2013). In contrast, other phys-
ical phenomena, such as triboelectricity and piezoelectricity
were also exploited in the last decades to serve as energy con-
version mechanisms. Triboelectric-based harvesters use fric-
tion between two different material surfaces to create an elec-
tric potential between them, which makes these structures
adequate for nano to microscale applications (Haroun et al
2022). Piezoelectric materials belong to a class of smart mater-
ials that convert mechanical stimuli into electrical signals.
This reversible process is denominated the direct piezoelectric
effect, which generates an electrical charge proportional to the
mechanical force/pressure applied. Piezoelectric transducers
can be utilized in micro to large-scale environments (Clementi
et al 2022). Magnetostrictive (Deng and Dapino 2017) and
flexoelectric (Tripathy et al 2021) are other types of transduc-
tion mechanisms that also have been reported in the literature.

Each type of transduction mechanism has its advantages
and disadvantages. To counteract the disadvantages, the com-
bination of different transduction mechanisms into a single
energy harvesting device allows the exploitation of the unique
advantages of each transducer, resulting in an enhanced energy

harvesting capacity. Zhong et al (2015) reported the com-
bination of both electromagnetic and triboelectric transducers
to design a hybrid rotational harvester focused on scaven-
ging biomechanical energy, using it as a mobile power source.
Wang et al (2023) proposed a new speed-amplified tri-hybrid
energy harvester utilizing piezoelectric, triboelectric, and elec-
tromagnetic transducers to harness structural and biomechan-
ical vibration energy. Additionally, Chung et al (2021) pro-
posed a Kresling origami design that exploits both piezoelec-
tric and triboelectric elements to harvest the energy dissipated
by contact strain, and another triboelectric element in slide
mode to take advantage of the resulting rotational motion due
to origami folding. Egbe et al (2022) also employed three
distinct transduction elements to increase the performance
of a rotational wind energy harvester device to power local
sensors. Furthermore, other authors also show the perform-
ance improvement due to the employment of hybrid conver-
sion strategies (Halim et al 2019, Yang and Cao 2019, Gao
et al 2020, Xiao et al 2022, Bai et al 2024), highlighting the
potential of hybrid transduction in enhancing energy harvest-
ing performance.

Energy harvesters usually operate as resonators, such as
structural elements like beams and plates. In this regard, when
operating in a linear regime, their good performance is related
to the resonant conditions, limited to frequencies close to the
structure’s natural frequencies. The addition of nonlinear mod-
ulations proved to be an effective solution for increasing their
operation bandwidth and, in some cases, the maximum out-
put power, when subjected to environmental uncertainties.
Multistable systems promoted by either magnetic interactions
or buckling appear as one of the most common nonlinear
modifications (Masana and Daqaq 2010, De Paula et al 2015).
Multistable harvesters present a high level of enhanced per-
formance showing increases in both output power and band-
width. These systems are known for their characteristic poten-
tial energies that are formed by peaks and valleys of energy.
The drawback of multistable harvesters is related to situations
where available environmental energy is not enough to over-
come energetic barriers defined by potential energy peaks. In
these scenarios, the harvester dynamics stays trapped around
an energy valley, drastically reducing its performance (Stanton
et al 2009).

Nonsmoothness is another kind of nonlinearity incorpor-
ated into the design of energy harvesting systems to enhance
performance. This modulation enhances the operation band-
width, at the cost of the reduction of the maximum output
power (Liu et al 2012, Zhou et al 2015, Ai et al 2019).
This type of modulation is useful when dealing with applic-
ations where the available mechanical energy presents a wide
range of frequencies. Nevertheless, successive impacts can
cause mechanical wear over time, which is a disadvantage
of this kind of system. Additionally, adaptive systems are
also reported. Adeodato et al (2021) and Yuan et al (2019)
have demonstrated the synergistic use of smart materials
combining piezoelectric and shape memory materials to act-
ively control the natural frequency of the harvester, enabling
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enhanced performance at different excitation frequencies.
Adaptive multistable systems with variable magnet positions
have also demonstrated that the energy harvesting perform-
ance can be drastically enhanced by a small external interven-
tion (Savi and Savi 2024).

Quasi-zero stiffness modulations are also beneficial to
enhance energy harvesting capacity. Margielewicz et al (2022)
proposed a modification of the cantilever design by adding
a set of springs specially configured, resulting in a quasi-flat
potential energy. They showed that this type of harvester can
be better than the tristable harvester, especially at low excit-
ation amplitudes. The drawback of this kind of system is the
robustness of the set of springs, which can limit applications
in small-scale environments.

The literature also reports the design of alternative struc-
tures different from the traditional cantilever-based structure.
Yang et al (2017) suggested the incorporation of an arc-shaped
segment into the cantilever design, which enhanced the max-
imum output power. Following this, bistable harvesters were
reported that leveraged this characteristic (Zhang et al 2018,
Chen et al 2021a, 2021b). Additionally, multimodal struc-
tures have been proposed. Caetano and Savi (2021) proposed
a pizza-shaped energy harvester with irregular slices demon-
strating a significantly expanded bandwidth compared to the
conventional cantilever harvester. Wu et al (2013) proposed a
cutout structure featuring an inner and outer beam. This design
brought the natural frequencies of the system close together,
concentrating the regions of high performance within a spe-
cific frequency range, thereby expanding its bandwidth. Wu
et al (2014) later improved the cutout configuration by intro-
ducing bistable properties through the addition of a magnetic
interaction attached to the inner beam. Subsequently, Costa
and Savi (2024a) and Costa et al (2024) proposed an enhanced
multistable version of the inner–outer harvester, specifically
designed for applications in compact and limited spaces. A
space-efficient design was considered by incorporating more
transducers into key regions of the structure. The multista-
bility resulting from the use of two sets of magnets, one
attached to the inner beam and the other attached to the outer
beam, defines complex nonlinear dynamics that can be prop-
erly exploited.

Although numerous enhancements to the cantilever design
have been developed to date, the capability formultidirectional
energy harvesting remains a challenge that needs to be prop-
erly addressed. In this context, bending-torsional modes of
operation have been extensively explored through the use of
asymmetric structures (Abdelkefi et al 2011, Abdelmoula et al
2017, Gao et al 2017, Jia et al 2020, Li et al 2020, Wang et al
2022a) and twisting phenomena (Hu et al 2020). Additionally,
rotational support mechanisms for autonomous omnidirec-
tional energy harvesting (Wang et al 2022b), as well as devices
comprising beams oriented in different directions (Su and Zu
2013, Fan et al 2014), have also been investigated. Moreover,
pendulum structures are an interesting and effective solution
for achieving multidirectionality (Wu et al 2018, Kumar et al
2019, Malaji et al 2020). Multidirectional coupling is intrinsic

to pendulum devices (Chen et al 2022,Wang 2023), which can
be integrated into the cantilever design to introducemultidirec-
tional characteristics, preserving its original size (Xu and Tang
2015, Pan et al 2019, 2021, Wu et al 2022). Nevertheless, the
introduction of a pendulum to the system can result in scen-
arios where the pendulum acts as an energy absorber, com-
promising energy harvesting. Costa and Savi (2024b) demon-
strated that such scenarios occur frequently, thereby reducing
the overall energy harvesting capacity.

On this basis, it is evident that the introduction of nonlin-
earities is the essential approach for enhancing energy har-
vesting capacity. In this regard, the dynamics of the nonlin-
ear energy harvesting systems are directly interconnected with
their overall performance. In general, energy harvesting sys-
tems present complex nonlinear dynamics and a proper per-
formance analysis must be guided by a nonlinear dynamics
perspective (Costa et al 2021). The manifestation of differ-
ent types of dynamical responses (Cabeza et al 2013) and the
emergence of multiple solutions (Margielewicz et al 2023) are
some aspects of dynamical complexity. This intrinsic com-
plexity needs to be analyzed by proper tools (Costa et al 2021,
Reis and Savi 2022).

This work deals with the hybrid multidirectional energy
harvester (HMEH) proposed in a previous work (Costa and
Savi 2024b). The design is composed of a piezoelectric
cantilever-based energy harvester with an attached pendu-
lum associated with an electromagnetic rotational energy con-
verter. The harvester is developed in such a way that the sys-
tem can perform multidirectional energy harvesting, mitigat-
ing the energy-absorbing effects of the pendulum, and increas-
ing the performance and overall bandwidth of the system.
Hybrid transduction allows one to convert mechanical energy
from the piezoelectric element and also from an electromag-
netic device incorporated at the base of the pendulum, har-
vesting the energy that would otherwise be lost. A reduced-
order model is presented to represent the key parameters of
this type of harvester. This investigation extends the previous
work by conducting a detailed parametric analysis from a non-
linear dynamics perspective, aiming to further map and char-
acterize the system’s performance and dynamical behavior.
Results show complex responses including chaos and hyper-
chaos, which points to the need for a deep dynamical invest-
igation to properly design the energy harvesting system.

After this introduction, this work is organized as fol-
lows: section 2 establishes the conceptual representation of
the HMEH, depicting the evolution from the classical piezo-
electric energy harvester (CPEH) to the proposed multi-
directional hybrid energy harvester. A theoretical model is
developed to describe the qualitative characteristics of the
structure. Section 3 presents an extensive numerical analysis
based on a nonlinear dynamics perspective aiming to map
and quantify different structural and dynamical characteristics
of the HMEH, associating these characteristics with the har-
vester’s performance level. Finally, the conclusions are presen-
ted in section 4, and an appendix is provided to elucidate some
methodologies regarding the analyses.
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Figure 1. Conceptual representation of depicting the evolution of (a) the classical piezoelectric energy harvester (CPEH), composed by a
piezoelectric transducer and a cantilever beam structure with a tip mass, (b) to the multidirectional hybrid energy harvester (MHEH),
composed by the CPEH plus the addition of a pendulum structure with an electromagnetic transducer at the pendulum’s support.

2. Design and theoretical model

Consider the conceptual representation of the evolution of the
CPEH to the HMEH as depicted in figure 1. The CPEH is
composed of a structural cantilever beam element embedded
in a rigid support. A piezoelectric transducer is attached to the
superior surface of the beam, while a tip mass element is added
to its free end, as presented in figure 1(a). The MHEH design
incorporates a pendulum structure with an additional electro-
magnetic transducer at the pendulum’s support in order to har-
ness its rotational energy (figure 1(b)). This layout employs
the pendulum as a coupling mechanism between directions to
diffuse energy in multiple directions.

2.1. Physical modeling

The design of the harvesters presented in figure 1 can be rep-
resented by a general lumped model displayed in figure 2. It
considers both structural beam and its tip mass as a lumped
mass of effective mass ms, where the tip mass is considered
to be significantly heavier than the beam’s mass. Also, a pen-
dulum element of length Lp and effective mass mp attached
to the structure. The effects of gravity, g, are considered, and
the equivalent stiffness and damping coefficients are repres-
ented by ki (i = x,z,pz) and cj ( j = x,z,em,p), where sub-
scripts x and z refer to the plane directions, while subscript p is
used to represent pendulum characteristics; subscripts pz and
em refer to the piezoelectric and electromagnetic transducers,
respectively.

The piezoelectric transducer is attached to the z-direction,
to represent the piezoelectric element attached to the top sur-
face structure, while the electromagnetic transducer is attached
to the support of the pendulum. Each transducer can be repres-
ented by equivalent circuits, where the coupling between the
electrical to the mechanical domain is represented by a unique
electromechanical coupling term. The piezoelectric element
is associated with a circuit represented in figure 2(b), and

the coupling term is related to the current source by a lin-
ear relationship of Ipz(t) = ωpzż(t). The current source is con-
nected in parallel to an equivalent internal capacitance, Cpz,
an internal resistance, Ripz, and an external resistance Rlpz.
Conversely, the electromagnetic transducer is represented by
figure 2(c), where the electromechanical coupling of the elec-
tromagnetic transducer is associated with a voltage source by
a linear relationship of vem(t) = ωemφ̇(t). This source is con-
nected in series to an equivalent inductance, Lem, an internal
resistance, Riem, and an external load resistance, Rlem. The
equivalent resistance of the piezoelectric circuit is represen-
ted by Rpz = RipzRlpz/(Rlpz+Ripz), while the equivalent res-
istance of the electromagnetic circuit is represented by Rem =
Riem+Rlem.

The system is subjected to a multidirectional support excit-
ation of rb(t) = rb(t)[sin(µ)êx+ cos(µ)êz], where the bold
notation refers to vectors and italic notation refers to scalars;
µ is the angle between the external excitation vector, rb(t),
and the z-direction. rb(t) is the excitation function. The vec-
tors êx and êz are the base vectors of each Cartesian direction,
x and z, respectively. This way, the support excitations in
the horizontal and vertical directions are described by xb(t) =
rb(t)sin(µ) and zb(t) = rb(t)cos(µ), respectively.

The modeling considers the absolute structure position,

rs (t) = [xb (t)+ xs (t)] êx+ [zb (t)+ zs (t)] êz
= [xb (t)+ x(t)] êx+ [zb (t)+ z(t)+ zst] êz,

(1)

where x(t) and z(t) are the positions ofmass relative to the base,
and zst = (ms+mp)g/(kz+ kpz) is the static deflection of the
structure due to gravity action. On the other hand, the absolute
position of the pendulum is given by

rp (t) = [xb (t)+ x(t)+ xp (t)] êx
+ [zb (t)+ z(t)+ zst+ zp (t)] êz

= [xb (t)+ x(t)+ Lp sin(φ(t))] êx
+ [zb (t)+ z(t)+ zst+ Lp cos(φ(t))] êz,

(2)
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Figure 2. (a) General lumped model representing the Hybrid Multidirectional Energy Harvester (HMEH). (b) The equivalent circuit of the
piezoelectric transducer is attached to an external resistance. (c) The equivalent circuit of the electromagnetic transducer is attached to an
external resistance.

where φ(t) represents the angular displacement of the pendu-
lum relative to the vertical z axis.

An energetic approach is of concern and therefore, a
Lagrangian is defined as L= T−U+W, considering five
generalized coordinates (three mechanical and two electrical),
Q= [x(t),z(t),φ(t),ψ(t),q(t)]. Here ψ(t) represents the flux
linkage of the piezoelectric circuit, and q(t) denotes the electric
charge in the electromagnetic circuit. This formulation leads
to the following electromechanical Euler–Lagrange equation,

d
dt

(
∂L
∂Q̇i

)
− ∂L
∂Qi

+
∂D

∂Q̇i
= 0. (3)

On this basis, the system energy needs to be evaluated. The
total kinetic energy is the composition of the structure and the
pendulum kinetic energies,

T= Ts+ Tp

=
1
2
msṙs (t) · ṙs (t)+

1
2
mpṙp (t) · ṙp (t)

=
1
2
mp

{[
ẋ(t)+ ẋb (t)+ Lpφ̇(t)cos(φ (t))

]2

+
[
ż(t)+ żb (t)− Lpφ̇(t)sin(φ(t))

]2}

+
1
2
ms

{
[ẋ(t)+ ẋb (t)]

2 + [ż(t)+ żb (t)]
2
}
. (4)

Linear constitutive behavior is adopted for structure and
piezoelectric elements and therefore, the restitution forces are
represented as follows,

fx (t) =−kxx(t) , (5)

fz (t) =−kzz(t) , (6)

fpz (t) =−kpzz(t) , (7)

On this basis, the total potential energy is written as the
sum of the main structure, piezoelectric element, and pendu-
lum potential energies, being given by.

U= Us+Up

=−
ˆ xs(t)

0
fx (t) dx−

ˆ zs(t)

0
[fz (t)+ fpz (t)] dz

−
ˆ zb(t)+zs(t)

0
msgdz−

ˆ zb(t)+zs(t)+zp(t)

0
mpgdz

=
1
2
kxx(t)

2 +
1
2
(kz+ kpz) [z(t)+ zst]

2

−msg [zb (t)+ z(t)+ zst]

−mpg [zb (t)+ z(t)+ zst+ Lp cos(φ(t))] .

(8)

The piezoelectric electromechanical coupling, ωpz, is
determined by the properties of the piezoelectric material,
its geometry, and dimensions. In contrast, the electromech-
anical coupling due to the electromagnetic converter, ωem,
can be determined by the geometric characteristics of the
coil(s), the properties of the magnet(s) within the converter,
the intensity of their magnetic field(s) and how these elements
are positioned and distributed within the transducer. For the
sake of simplicity, the coupling coefficients are assumed to be
constants.

The electrical behavior is treated by considering the rela-
tion between the flux linkage,ψ(t), and the voltage, v(t), across
the piezoelectric circuit as ψ̇(t) = v(t). Besides, consider the
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relation between the charge, q(t), and the current, I(t), flow-
ing in the electromagnetic circuit as q̇(t) = I(t). By assuming
that the total energy, W, of the electrical domain can be rep-
resented by the sum of the electric energy of the piezoelec-
tric element, We, and the magnetic energy of the electromag-
netic transducer,Wm, as described by equation (9), whereWC,
Wpz, WL and Wem are the electric energy in the capacitance,
the piezoelectric energy, the magnetic energy in the induct-
ance and the electromagnetic energy, respectively. The details
of this formulation can be seen in Preumont (2006).

W=We+Wm

=WC+Wpz+WL+Wem

=
1
2
Cpzψ̇ (t)2 + ωpzψ̇ (t)z(t)+

1
2
Lemq̇(t)

2 + ωemq̇(t)φ(t) .

(9)

The dissipation is expressed in four major sources: vis-
cous damping in the structure, viscous damping external to
the pendulum structure, magnetic damping resulting from the
interactions between the magnet(s) and coil(s) within the elec-
tromagnetic transducer, and electrical resistances within the
circuits. These sources can be modeled through dissipation
functions (Preumont 2006, Meirovitch 2010), as depicted by
equation (10), where Dx and Dz are the dissipation functions
associated with the nonconservative viscous force in x and
z directions. Dφe is the dissipation function associated with
the interaction between the pendulum structure and the sur-
rounding media, while Dφi is the electromechanical dissipa-
tion associated with the magnetic forces within the electro-
magnetic transducer.Dpz andDem are the dissipation functions
that account for the resistive elements of the circuits.

D= Dx+Dz+Dφe +Dφi +Dpz+Dem

=
1
2
cxẋ(t)

2 +
1
2
czż(t)

2 +
1
2
cpLpφ̇(t)

2 +
1
2
cemφ̇(t)

2

+
1
2
ψ̇ (t)2

Rpz
+

1
2
Remq̇(t)

2 . (10)

At this point, it is possible to use the Euler–Lagrange
equation (3) to build the electromechanical governing
equations where the (t) is suppressed in the notation:

(ms+mp) ẍ+ cxẋ+ kxx+mpLp
[
φ̈cos(φ)− φ̇2 sin(φ)

]

=−(ms+mp) ẍb; (11)

(ms+mp) z̈+ czż+(kz+ kpzt)z− ωpzv

−mpLp
[
φ̈sin(φ)+ φ̇2 cos(φ)

]
=−(ms+mp) z̈b; (12)

mpL2pφ̈+(cem+ cpLp) φ̇+mpLp [ẍcos(φ)

+(g− z̈)sin(φ)]− ωemI= mpLp [̈zb sin(φ)− ẍb cos(φ)] ;
(13)

Cpzv̇+
v
Rpz

+ ωpzż= 0; (14)

Lemİ+RemI+ ωemφ̇= 0. (15)

By assuming a harmonic external forcing of

rb = xbêx+ zbêz = Asin(ωt) [sin(µ) êx+ cos(µ) êz] . (16)

It results in the following:

r̈b = ẍbêx+ z̈bêz =−Aω2 sin(ωt) [sin(µ) êx+ cos(µ) êz] .
(17)

In order to generalize the analysis, normalization is per-
formed by considering a reference length, L, a reference
voltage V, and a reference current I, resulting in the dimen-
sionless electromechanical equations given by:

(1+ ρ)¨̄x+ 2φx ˙̄x+Ω2
s x̄+ ρ(

[
¨̄φcos

(
φ̄
)
− ˙̄φ2 sin

(
φ̄
)]

=−(1+ ρ)¨̄xb; (18)

(1+ ρ)¨̄z+ 2φz ˙̄z+ z̄−χpzv̄− ρ(
[
¨̄φsin

(
φ̄
)
+ ˙̄φ2 cos

(
φ̄
)]

=−(1+ ρ)¨̄zb; (19)

¨̄φ+ 2φφ ˙̄φ+Ω2
φ sin

(
φ̄
)
−χemĪ+

1
(

[
¨̄xcos

(
φ̄
)
− ¨̄zsin

(
φ̄
)]

=
1
(

[
¨̄zb sin

(
φ̄
)
− ¨̄xb cos

(
φ̄
)]
; (20)

˙̄v+
v̄
ϕpz

+κpz ˙̄z= 0; (21)

˙̄I+ϕemĪ+κem
˙̄φ= 0. (22)

These equations are related to the dimensionless parameters
presented in table 1.

2.2. Performance metrics

The performance of the energy harvesting system is evaluated
with the definition of the electrical power associated with both
piezoelectric and electromagnetic circuits. The total instant-
aneous electrical power consists of the sum of the instantan-
eous electrical power in each individual circuit, as represented
by equation (23). Thus, the average electrical power, defined
over the interval t0 ! t! tf, is represented by equation (24),
where vRMS and IRMS are the root-mean-square (RMS) of the
output voltage of the piezoelectric circuit and the output cur-
rent of the electromagnetic circuit, respectively, being defined
by equation (25).

P= Ppz+Pem =
1
Rpz

v2 +RemI2, (23)

Pavg =
1

tf− t0

ˆ tf

t0
Pdt=

1
Rpz

(
vRMS)2 +Rem

(
IRMS)2 , (24)

where the RMS of any quantity can be defined as:

"RMS =

√
1

tf− t0

ˆ tf

t0
["(t)]2 dt. (25)
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Table 1. System parameters and values used in the analyses.

Parameter Description Symbol Definition Value

Natural frequency of the main structure in x ωx
√
kx/ms —

Natural frequency of the main structure in z ωz
√
kz/ms —

Linearized natural frequency of the pendulum ωω

√
g/Lp —

Normalized time τ ωzt —
Normalized x displacement of the main structure x̄(τ) x(t)/L —
Normalized z displacement of the main structure z̄(τ) z(t)/L —
Normalized angle of the pendulum structure φ̄(τ) φ(t) —
Normalized voltage of the piezoelectric circuit v̄(τ) v(t)/V —
Normalized current of the electromagnetic circuit Ī(τ) I(t)/I —
Normalized base excitation frequency Ω ω/ωz 0.01→ 2
Normalized base excitation amplitude γ A/L 0.01→ 0.5
Normalized angle of the base excitation vector rb(t) µ̄ µ 45◦

Normalized base excitation displacement in the x-direction x̄b(τ) γ sin(Ωτ)sin(µ̄) —
Normalized base excitation displacement in the z-direction z̄b(τ) γ sin(Ωτ)cos(µ̄) —
Ratio of masses ρ mp/ms 0.5
Normalized damping coefficient of the main structure in x ζx cx/(2ωzms) 0.025
Normalized damping coefficient of the main structure in z ζz cz/(2ωzms) 0.025
Normalized total damping coefficient of the pendulum structure ζω

[(cem/Lp)+cp]
2ωzLpms

0.0025
Ratio of natural frequencies of the main structure Ωs ωx/ωz 0.01→ 2
Ratio of natural frequencies of the pendulum and the z-direction Ωω ωω/ωz 0.01→ 2
Normalized pendulum length φ Lp/L 1
Normalized piezoelectric coupling in the mechanical ODE χpz θpzV/(kzL) 0.05
Normalized electromagnetic coupling in the mechanical ODE χem θemI/(ρkzL2p) 0.04
Normalized piezoelectric coupling in the piezo circuit ODE κpz θpzL/(CpzV) 0.5
Normalized EM coupling in the electromagnetic circuit ODE κem θem/(LemI) 0.4
Normalized equivalent resistance of the piezoelectric circuit ϕpz CpzRpzωz 1
Normalized equivalent resistance of the electromagnetic circuit ϕem Rem/(Lemωz) 0.25
Normalized electrical output power of the piezoelectric circuit P̄pz(τ) Ppz(t)/(CpzωzV2) —
Normalized electrical output power of the electromagnetic circuit P̄em(τ) Pem(t)/(LemωzI2) —

Furthermore, based on these concepts and according to
table 1, the normalized average electrical output power can be
determined by,

P̄avg = P̄pz+ P̄em =
1
ϕpz

(
v̄RMS)2 +ϕem

(̄
IRMS)2 . (26)

3. Dynamics and performance

This section presents a parametric analysis considering four
key parameters: the ratio between natural frequencies of the
main structure, Ωs; the ratio between natural frequencies of
the pendulum and the structure’s z-direction, Ωφ; the normal-
ized excitation amplitude, γ; and the normalized excitation fre-
quency, Ω. The main objective of the analysis is to identify
the best and the worst combinations of Ωs and Ωφ paramet-
ers in terms of overall performance by considering a wide
range of excitation parameters, γ and Ω. Besides, the angle
of base excitation, µ̄, is maintained at 45◦ in order to sub-
ject the system to a symmetric multidirectional excitation of
which the magnitude components of each direction, z and x,
are equal. The electrical parameters are based on the literature
(Erturk and Inman 2011, De Paula et al 2015, Costa and Savi

2024b), and the remaining constant parameter values are listed
in table 1.

The parametric analysis is based on a nonlinear dynam-
ics perspective framework employing five types of diagrams:
the Dynamical Responses Diagrams (DRDs), the Lyapunov
Exponents Diagrams (LEDs), the Average Output Power
Diagrams (OPDs), the Occurrence Diagrams (OCDs), and the
Dynamical Pattern Diagrams (DPDs). Each diagram shows an
important characteristic of the HMEH in a two-dimensional
parameter space of choice in order to characterize the system’s
dynamics and performance with robustness. Different excita-
tion parameters are of concern.

These diagrams are built with a grid of Nx×Ny sample
points within a two-dimensional parameter space of choice.
Each point of the diagram is related to a time series from the
integration of the governing equations from an initial time, τ 0,
to a final time, τ f , considering a suitable integration time step,
∆τ = 2π/(ΩN), with N= 6000 determined by a convergence
analysis. A specific point in time, τtrans = 0.8125τf, is chosen
to define the beginning of the steady-state response. All sample
points have the same initial condition of x̄(0) = ˙̄x(0) = z̄(0) =
˙̄z(0) = φ̄(0) = ˙̄φ(0) = v̄(0) = Ī(0) = 0 to standardize the
analyses.
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Figure 3. Illustrative representation of the ratio of natural frequencies, Ωs. (a) Ωs < 1 indicates that the x-direction is softer than the
z-direction, depicted by a shorter beam width in the x-direction. (b) Ωs = 1 signifies equal stiffness in both x and z directions, represented by
identical beam widths in both directions. (c) Ωs > 1 showcases a stiffer x-direction compared to the z-direction, depicted by a wider beam
width in the x-direction. (d) Changes in Ωs as the stiffness in x-direction, kx, increases.

Figure 4. Illustrative representation of the ratio of natural frequencies of the pendulum and the z direction, Ωω. (a) Representation of a
higher Ωω, corresponding to a shorter pendulum length. (b) Representation of a lower Ωω, indicating a wider pendulum length. (d) Change
in Ωω as the pendulum length, Lp, increases.

3.1. HMEH key characteristics

Initially, it is important to contextualize the parameters and
their influence on the dynamical behavior and harvester per-
formance. Mechanical available ambient energy constitutes
input parameters, γ—the normalized magnitude of excitation
and Ω—the normalized excitation frequency. Note that Ω= 1
means that the excitation frequency matches the beam’s nat-
ural frequency in the z-direction. On the other hand, Ωs is the
ratio between the natural frequency of the beam’s x-direction
and z-direction; Ωφ is the ratio between the linearized nat-
ural frequency of the pendulum and the beam’s natural fre-
quency in z-direction. Note that Ωs = 1 means that the nat-
ural frequencies of the beam structure are the same in x and
z directions; Ωs > 1 means that the x-direction is stiffer than
the z-direction. This characteristic is illustrated in figure 3,
where a simplified frontal view of the HMEH beam struc-
ture is depicted. Furthermore, figure 4 represents the meaning
of Ωφ parameter, which is closely related to the pendulum’s
length, Lp. A higher value of Ωφ means a shorter pendulum
length.

3.2. Dynamical responses

This subsection presents a discussion about the distinct
dynamical responses of the HMEH. Diagrams are built assum-
ing constant values of excitation parameters γ and Ω, employ-
ing a grid of 500× 500 sample points within theΩs×Ωφ para-
meter space, each from 0.01 to 2.

Figure 5 shows the DRD, LEDs and OPDs for excita-
tion parameters γ= 0.1 and Ω= 1.2. Figure 5(a) displays the

DRD, where different steady-state dynamical behaviors are
classified for each time series sample. Different periodicit-
ies are classified by different colors, considering that T rep-
resents the excitation period: dark gray (1T), yellow (2T),
light green (3T), orange (4T), and purple (5T). Light blue is
employed to represent responses from a period equal to or
greater than 6T, to quasi-periodic, labeled as multiple periods
(MP). Red regions represent chaotic (CH) responses, while
dark red regions represent hyperchaotic (HC) responses. The
detailed classification procedure is comprehensively explained
in appendix A.1.

LEDs are presented in figures 5(c) and (d), being com-
plementary diagrams to the DRD that show the value of
each of the two largest Lyapunov exponents, λ1 and λ2, for
the non-autonomous form of the HMEH system. The LEDs
delimit both periodic (convergent) and chaotic or hyperchaotic
regions (divergent). The first is characterized by negative
exponents (grayscale region), while chaotic and hyperchaotic
regions are characterized by positive exponents (rainbow-
colors region). These two LEDs are shown to expose the
differentiation between chaotic and hyperchaotic dynamical
responses. While chaotic regions show only λ1 > 0, hyper-
chaotic regions present both λ1 > 0 and λ2 > 0.

Figures 5(b), (d) and (f) show the OPDs for the overall
average output power, P̄avg, the average output power of the
piezoelectric transducer, P̄pz, and the average output power of
the electromagnetic transducer, P̄em. All these quantities are
computed considering the steady-state responses (τ > τtrans)
of each time series sample, being essential to define system
performance.

8



Smart Mater. Struct. 33 (2024) 115007 L G Costa and M A Savi

Figure 5. Diagrams for the Ωs×Ωω parameter space, considering fixed excitation parameters of γ= 0.1 and Ω= 1.2: (a) DRD showing
the classification of distinct types of dynamical responses, color-coded according to text description. (b) OPD for the overall average output
power, P̄avg. (c) LED for largest Lyapunov exponent, λ1. (d) OPD for the average output power of the piezoelectric transducer, P̄pz. (e) LED
for the second largest Lyapunov exponent, λ2. (f) OPD for the average output power of the electromagnetic transducer, P̄em. OPD colorbars
represent output power values; LEDs colorbars indicate the value of exponents (rainbow colors for positive, grayscale for negative). Each
diagram is built with a grid of 500× 500 points.

It should be pointed out that the attractors present
a predominance of 1T periodic responses, followed by
hyperchaotic responses in the bottom right part of the dia-
grams. The analysis of these diagrams together indicates that
more complex regions, associated with many types of dynam-
ical responses, produce better performance, especially the
central part of the hyperchaotic zone. Also, this case shows

the output power predominance of the electromagnetic trans-
ducer, showing a maximum value of 7.5 times greater than the
piezoelectric element.

Eight points, labeled from 1 to 8, are marked on the dia-
grams to illustrate each dynamical response classified within
the DRD. These points are meticulously documented in table 2
for reproducibility. Figure 6 showcases the distinct dynamical
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Table 2. Exact corresponding values of Ωs and Ωω marked in the diagrams of figure 5 used to exemplify the different dynamical responses
in figure 6.

Point Classification Ωs Ωω

1 1T 1.589238476953908 1.692925851703407
2 2T 0.943186372745491 0.771703406813627
3 3T 1.429719438877756 0.424749498997996
4 4T 1.150561122244489 0.333026052104208
5 5T 0.947174348697395 0.237314629258517
6 MP 1.80060120240481 0.632124248496994
7 CH 0.416773547094188 0.404809619238477
8 HC 1.18246492985972 0.540400801603206

responses corresponding to each point. Each example is depic-
ted through four steady state phase subspaces: x̄× ˙̄x, represent-
ing the x-direction, z̄× ˙̄z, representing the z-direction, φ̄× ˙̄φ,
representing the pendulum motion. Notably, the φ-direction is
constrained to the range of the remainder of the actual value
of φ̄ divided by 2π. This treatment aligns with the topological
view of the pendulum’s phase subspace as a cylinder, where
π and −π represent the same position (upward vertical posi-
tion) (Savi 2017, Carvalho and Savi 2020). Finally, v̄× Ī rep-
resents the electrical coordinate domain. It is noticeable that
the first seven points, from figures 6(a) to (g), show dynam-
ical behaviors where the pendulum does not rotate, but oscil-
lates between a maximum and a minimum position. A variety
of responses are observable with this characteristic, remark-
ably the quasi-periodic behavior showed in figure 6(f) and
the chaotic response in figure 6(g) where the system exhib-
its a complex aperiodic pattern of motion. Alternatively, the
example presented in figure 6(h) shows a hyperchaotic com-
plex response where the pendulum shows an irregular pattern,
including rotation. This result indicates that the HMEH exhib-
its better performance when the pendulum has some kind of
high-amplitude motion.

3.3. Global dynamics

In order to determine the best and worst combinations of
Ωs and Ωφ across various excitation scenarios, the analysis
presented in figure 5 is conducted across 100 scenarios,
each distinguished by different excitation values. Initially,
five specific values of γ ranging from γ= 0.1 to γ= 0.5 are
selected, with an interval of ∆γ = 0.1 between each value.
Subsequently, for each value of γ, 20 distinct values of para-
meter Ω are examined, ranging from Ω= 0.1 to Ω= 2, with
an interval of∆Ω= 0.1. This extensive range allows the eval-
uation of the system performance under a broader spectrum of
excitation conditions. A subset of these scenarios, specifically
forty (40), are depicted in figures 7–10.

Figure 7 showcases 20 unique instances of Ωs×Ωφ

DRDs, achieved by varying Ω while maintaining a fixed
the value of γ= 0.1. It is observed that lower Ω values,
represented in the first row of figures 7((a)–(d)—ranging
from Ω= 0.1 to Ω= 0.4), lead to a simpler system beha-
vior when altering Ωs and Ωφ, primarily exhibiting 1T
dynamical responses. As the excitation frequency increases

from Ω= 0.5 to Ω= 1.2, the complexity intensifies, espe-
cially near the z-direction resonance (around the vicinity of
Ω= 1). However, a further increase in the excitation fre-
quency from Ω= 1.3 to Ω= 2 results in a reduction in
complexity.

Figure 8 presents the corresponding OPDs for the DRDs
depicted in figure 7. Several observations can be made by
comparing these two figures. Firstly, an increase in complex-
ity is indicative of improved performance according to these
results. Secondly, near z-direction resonance (0.8! Ω! 1.0),
the regions of good performance expand within the OPDs,
as expected. Thirdly, 1T, 2T, and HC responses are the most
prevalent dynamical behaviors observed, followed by CH and
MP responses. Upon examination of these results, it is noted
that the majority of hyperchaotic regions show superior per-
formance, while the majority of 1T regions (though not all)
exhibit poor performance. For instance, the top-right regions
of figures 8(i)–(l) (from Ω= 0.9 to Ω= 1.2) show an arc-
shaped strip with elevated output power values. In fact, this
strip seems to move from the bottom region (figure 8(a)) to
the top right region of the diagrams, while other more com-
plex regions emerge at the bottom as Ω increases. Fourthly,
the peak power moves from smaller to larger Ωs values as Ω
increases, as expected, due to the change in the beam’s reson-
ance frequency region. In this regard, the peak output power
region of the OPDs from Ω= 0.1 to Ω= 0.8 (figures 8(a)–
(h)) are well-defined regular 1T attractors. Alternatively, from
Ω= 0.9 toΩ= 2 (figures 8(i)–(t)), the regions that display the
best performances are hyperchaotic ones. Finally, as the res-
onance shifts from a lower to a higher Ωs value, an increase in
maximum average output power, P̄(max)

avg , is observed in almost
all cases.

Several of the previously discussed observations hold for
scenarios with a higher excitation amplitude of γ= 0.3, as
presented in figures 9 and 10. Nevertheless, some new behavi-
ors also emerge. In this case, due to the larger excitation mag-
nitude, some of the described phenomena start to appear at
lower Ω values compared to the previous case. In the scenario
with low Ω values from Ω= 0.1 to Ω= 0.3, the peak power
regions are characterized by 1T regular attractors. ForΩ= 0.3
andΩ= 0.4, 2T and CH attractors also appear in the peak out-
put power zone. These attractors form a strip, similar to the one
in the previous case, that moves towards the top right region
of the diagram.
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Figure 6. Corresponding phase subspaces and Poincaré maps of the steady-state response of points 1 to 8, as referenced in figure 5 and
detailed in table 2. Each color represents distinct dynamical responses. (a) dark gray: 1T, (b) yellow: 2T, (c) light green: 3T, (d) orange: 4T,
(e) purple: 5T, (d) light blue: MP - in this case, quasi-periodic, (g) red: chaotic - CH, and (h) dark red: hyperchaotic - HC. Poincaré maps are
displayed by black dots, except for red in the 1T case and yellow in the HC case.

11



Smart Mater. Struct. 33 (2024) 115007 L G Costa and M A Savi

Figure 7. DRDs for a fixed value of excitation amplitude of γ= 0.1, showing different values excitation frequency, from (a) Ω= 0.1 to (t)
Ω= 2, with an interval of∆Ω= 0.1. Different colors represent distinct dynamical behaviors summarized in the accompanying colorbar.
Each diagram is built with 500× 500 sample points.

As Ω increases from Ω= 0.4 to Ω= 2, the complexity
increases, and new regions with distinct dynamical responses
emerge. From the scenario with Ω= 0.4 to Ω= 0.8 (from
figures 10(d) to (h)), high-performance regions (red regions)
exhibit a greater number of distinct attractors, but with the
1T attractor being predominant. FromΩ= 0.9 toΩ= 2 (from
figures 10(i) to (t)), the majority of attractors appearing in
high-performance zones (red regions) are aperiodic ones (CH
and HC). As before, the increase in Ω shifts the peak output
power region to higher Ωs values due to the change in the sys-
tem’s resonance characteristics. Also, the increase in γ results

in an overall increase in the maximum output power displayed
across all scenarios.

3.4. The best key structural parameters

The previous analysis, represented by figures 7–10, provide
numerous valuable insights concerning energy harvesting,
being useful for design decision making through the determ-
ination of the combinations of Ωs and Ωφ that yields the
best performances. Nevertheless, the analysis and design is
a complex task that requires more sophisticated tools. An

12



Smart Mater. Struct. 33 (2024) 115007 L G Costa and M A Savi

Figure 8. P̄avg OPDs for a fixed value of excitation amplitude of γ= 0.1, showing different values excitation frequency, from (a) Ω= 0.1 to
(t) Ω= 2, with an interval of∆Ω= 0.1. Accompanying rainbow colorbars show the range of values of P̄avg for each scenario. Each diagram
is built with 500× 500 sample points, and linear scale is used in colormap values.

interesting tool is the OCD which is a two-dimensional
parameter diagram that monitors how many times a cer-
tain characteristic occurs in a certain region of the para-
meter space (Costa et al 2021). A comprehensive explana-
tion of the method used to build the OCDs is provided in
appendix A.4. By employing this approach, it is possible
to effectively identify regions within the Ωs×Ωφ parameter
space where higher and lower performances are more likely to
occur.

In the process of analyzing 100 distinct scenarios, eachwith
its unique set of OPDs (one for the P̄pz, one for P̄em and one
for P̄avg), it is crucial to normalize the power ranges prior to
constructing the OCDs. This normalization ensures that the
values representing the lowest and highest performances of
each OPD are scaled to 0 and 1, respectively. This step is

necessary as each OPD possesses its own unique minimum
and maximum values of average output power, and construct-
ing the OCDs without this normalization could lead to biased
results.

The normalization is carried out for three sets of 100 OPDs:
one set regarding the average output power of the piezoelectric
transducer, P̄pz, one related to the average output power of the
electromagnetic transducer, P̄em, and the last concerning the
overall average output power of the HMEH, P̄avg. For each
point within an OPD, a normalized output power, P̄normij , is
defined. It is calculated by dividing the average output power,
P̄ij, at a specific point within the OPD defined by indices i and
j, by the maximum average output power, P̄(max), which is the
highest output power observed within the currently analyzed
OPD.
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Figure 9. DRDs for a fixed value of excitation amplitude of γ= 0.3, showing different values excitation frequency, from (a) Ω= 0.1 to (t)
Ω= 2, with an interval of∆Ω= 0.1. Different colors represent distinct dynamical behaviors summarized in the accompanying colorbar.
Each diagram is built with 500× 500 sample points.

P̄normij =
P̄ij

P̄(max)
, (i = 1, . . . ,500) ; ( j = 1, . . . ,500)

(27)

For the current analysis, it has been established that the
OCDs should monitor instances where P̄norm # 0.3. In other
words, any sample within the OPD that exhibits an output
power value exceeding 30% of the maximum output power
of the current OPD is recorded by the OCD. This threshold
is selected as it effectively identifies regions demonstrating
good to excellent performance in terms of output power and
bandwidth.

The resulting OCDs are displayed in figure 11. Figure 11(c)
makes evident that the optimal overall combinations ofΩs and
Ωφ are situated in the bottom right region of the diagrams,
while the least favorable combination is located in the top
left. Specifically, approximately 60%–68% of the cases with
performance exceeding a threshold of 30% (P̄(overall)

norm # 0.3)
occur at higher Ωs values and lower Ωφ values. Conversely,
about 2%–5% of the cases with similar performance levels
occur at lower Ωs values and higher Ωφ values. Moreover,
medium occurrence values are displayed at lower to mid-
range Ωφ values, spanning all Ωs values. Additionally, the
OCD for the P(em)

norm, associated with the electromagnetic
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Figure 10. P̄avg OPDs for a fixed value of excitation amplitude of γ= 0.3, showing different values excitation frequency, from (a) Ω= 0.1
to (t) Ω= 2, with an interval of∆Ω= 0.1. Accompanying rainbow colorbars show the range of values of P̄avg for each scenario. Each
diagram is built with 500× 500 sample points, and linear scale is used in colormap values.

Figure 11. Occurrence Diagrams (OCDs) of the Ωs×Ωω parameter space for a threshold of (a) P̄(pz)
norm # 0.3, (b) P̄(em)

norm # 0.3, and (c)
P̄(overall)
norm # 0.3. The accompanying colorbar in each OCD represents the likelihood of the corresponding threshold to occur. Black circles

labeled with numbers from 1 to 11 represent values of combinations of Ωs and Ωω of interest. Linear scale is used in colormap values.
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Table 3. Exact corresponding values of Ωs and Ωω marked in the OCDs of figure 11 used to determine the configurations analyzed in
figures 12–14. Region colors are associated with the occurrence percentage as displayed in the OCDs.

transducer, exhibits similar qualitative behavior, as depicted
in figure 11(b). Alternatively, figure 11(a) presents the OCD
for the P(pz)

norm, associated with the piezoelectric transducer.
Although the region of high occurrence of good performance
still appears in the bottom right region of the OCD, it covers
a larger area within the diagram. Also, the regions of medium
occurrence values are dispersed around the high occurrence
region, occupying a range of approximately 0.7! Ωs ! 1.3
and 0.01! Ωφ ! 1.8.

In summary, this discussion reveals that an MHEH with
a stiffer x direction, kx, and a longer pendulum length, Lp,
outperforms an HMEH with opposite configurations. To cor-
roborate this point, 11 configurations are selected within the
OCDs, each possessing unique structural characteristics (dis-
tinct Ωs and Ωφ values). The location of these configurations
within the OCD is marked as black circles labeled from 1 to
11, as displayed in figure 11, and listed in table 3 for reprodu-
cibility. For each configuration, a new set of DRDs and OPDs
are constructed within the γ×Ω parameter space to assess
performance under a broad range of external excitation con-
ditions, where the values of γ are varied from 0.01 to 0.5, and
the values of Ω are varied from 0.01 to 2, both contained in
a grid of 1000× 1000 points. In this regard, many aspects of
this analysis are visual representations of a qualitative charac-
teristic, with different colors or gradients representing differ-
ent characteristics. Consequently, in this analysis, any output
power value classified from blue to red is considered part of
the harvester’s operational bandwidth, while purple values are
considered poor performance.

Figure 12 showcases the result for Configurations 1, 2, 3,
and 5. These configurations reside in the region of medium to
high occurrences of P̄norm # 0.3 in the OCDs, spanning from
green to red-colored regions. Each case displays the DRD,
the OPD, and the percentage contribution of each transducer
to the average output power of the OPD. Here, EM (light
red bar) represents the electromagnetic transducer, and PZ
(orange bar) represents the piezoelectric transducer. Overall,
this first set of configurations exhibits a wider bandwidth char-
acterized by complex dynamical patterns, observable even at

the lowest excitation amplitude values. Upon visual examin-
ation and comparison of the DRDs with the OPDs of each
case, regions of good performance are characterized by com-
plex dynamical patterns, especially hyperchaotic (HC) attract-
ors. The majority of poor performance regions are associ-
ated with 1T regular responses. 2T and chaotic (CH) are
also common and appear in certain clusters within the para-
meter domain. The main peak power occurs in a concen-
trated region (labeled as A) associated with the resonance
of the z̄-direction, followed by a secondary peak (labeled
as B) associated with the resonance of the x̄-direction that
transmits more energy to the pendulum. This secondary peak
arises in different positions of the diagram and is associated
with the value of Ωs. That is, a configuration with higher Ωs

presents a secondary peak at higher excitation amplitudes,
and vice-versa. Configuration 1 presents the wider bandwidth,
while configuration 3 presents the highest maximum output
power, despite the reduced bandwidth. Additionally, for all
cases in this set of configurations, the electromagnetic trans-
ducer predominantly contributes to the power conversion of
the HMEH.

Figure 13 presents results of Configurations 4, 6 and 7.
These configurations are situated in the blue regions (both light
and navy blue) of the P̄(overall)

norm and P̄(em)
norm OCDs of figures 11(b)

and (c), and in the blue to green regions of the P̄(pz)
norm OCD of

figure 11(a). In this set of configurations, it is observed that the
complex regions associated with higher performances are dis-
tributed in small clusters, showing a reduced, yet significant,
bandwidth. Moreover, the maximum output powers achieved
surpass those of the majority of the previous configurations
presented in figure 12. They are concentrated in the z̄-direction
resonance region. Additionally, these configurations exhibit a
more balanced distribution of converted power between the
two transducers.

On the other hand, figure 14 presents a set of four configur-
ations that are located in the blue regions of the P̄(pz)

norm OCD
in figure 11(a), and in the purple regions of the remaining
OCDs in figures 11(b) and (c). In general, these configura-
tions are characterized by the dominance of the piezoelectric
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Figure 12. DRD, OPD for the overall average output power, P̄avg, and the contribution of each transducer in the power conversion for (a)
Configuration 1, (b) Configuration 2, (c) Configurations 3, and (d) Configuration 5. DRD colorbars represent different types of dynamical
responses, and OPD colorbars represent a range of average output powers displayed by each configuration. Light red and orange bars
represent the percentage contribution of the piezoelectric and electromagnetic transducers in the overall conversion, respectively. Each
diagram is constructed with a grid of 1000× 1000 points of the γ×Ω parameter space. Linear scale is used in OPDs colormap values.

Figure 13. DRD, OPD for the overall average output power, P̄avg, and the contribution of each transducer in the power conversion for (a)
Configuration 4, (b) Configuration 6, and (c) Configurations 7. DRD colorbars represent different types of dynamical responses, and OPD
colorbars represent a range of average output powers displayed by each configuration. Light red and orange bars represent the percentage
contribution of the piezoelectric and electromagnetic transducers in the overall conversion, respectively. Each diagram is constructed with a
grid of 1000× 1000 points of the γ×Ω parameter space. Linear scale is used in OPDs colormap values.

transducer in energy conversion. In fact, Configurations 10 and
11 exhibit a predominance exceeding 96%. They also display
very narrow bandwidths associated with the peak power in
the z̄-direction resonance region, except for Configuration 9,

which shows another narrow secondary peak at higher excit-
ation frequencies due to the higher Ωs values. This group of
configurations represents the worst-case scenario in the util-
ization of HMEH, as it offers minimal advantages in terms
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Figure 14. DRD, OPD for the overall average output power, P̄avg, and the contribution of each transducer in the power conversion for (a)
Configuration 8, (b) Configuration 9, (c) Configurations 10, and (d) Configuration 11. DRD colorbars represent different types of dynamical
responses, and OPD colorbars represent a range of average output powers displayed by each configuration. Light red and orange bars
represent the percentage contribution of the piezoelectric and electromagnetic transducers in the overall conversion, respectively. Each
diagram is constructed with a grid of 1000× 1000 points of the γ×Ω parameter space. Linear scale is used in OPDs colormap values.

of performance when attaching the pendulum to the classic
piezoelectric energy harvester (CPEH).

The analysis outlined in this subsection demonstrates that
the OCD is a powerful tool for mapping and determining the
optimal and suboptimal combinations of parameters within a
specific parameter space. Despite its substantial computational
resource requirements, needing the prior assembly of a con-
siderable number of diagrams for its accurate construction,
the OCD offers an effective method to map and identify the
frequency of occurrence of key characteristics of a dynamical
system.

3.5. Dynamical patterns vs performance

The correlation between dynamics and performance is an
essential key to the energy harvesting analysis. In this regard,
it is important to identify the types of responses and pat-
terns. Besides, it is interesting to evaluate the influence of
pendulum incorporation on the harvester response that indeed
has demonstrated the potential to significantly enhance opera-
tional bandwidth, as presented in figures 12–14. On this basis,
one of the key points to address is to identify which pendu-
lum dynamical patterns produce these regions of enhanced
performance. To this end, figure 15 presents the concept of
a DPD for Configuration 1. A DPD is an extension of the
DRD that accounts for the classification and mapping of spe-
cific dynamical patterns of a dynamical system in a two-
dimensional parameter space. In this case, the DPDs monitor

whether the pendulum rotates or not. Six patterns are identified
(see appendix for the criteria):

• RO (Light Cyan): the pendulum oscillates with regular
motion and does not rotate;

• IO (Dark Cyan): the pendulum oscillates with an irregular
motion, and does not rotate;

• RR (Light Lime Green): the pendulum rotates with a regular
motion;

• IR (Lime Green): the pendulum rotates with an irregular
motion;

• RM (Light Salmon): the pendulum presents a regular inter-
mittent mix of oscillatory and rotatory motions.

• IM (Lava Red): the pendulum presents a mix of oscillatory
and rotatory irregular motions.

Each pattern is exemplified by selected points, labeled with
numbers from 1 to 6, as marked by black circles within the
DPD in figure 15(a). Four phase subspaces and Poincaré maps
(x̄× ˙̄x, z̄× ˙̄z, φ̄× ˙̄φ, and v̄× Ī) for each point are depicted
in figures 15(b)–(g), representing each different pattern. The
color of each phrase subspace is associated with the color used
to classify the pattern, and the exact γ and Ω values used for
the selected points are described in table 4 for reproducib-
ility. Further details about the construction of the DPDs are
provided in appendix A.3.
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Figure 15. Classification of different pendulum dynamical patterns. (a) Dynamical Pattern Diagrams (DPD) of Configuration 1 for the
classification of six different types of patterns: RO (light cyan color) stands for ‘Regular Oscillation’, IO (dark cyan color) stands for
‘Irregular Oscillation’, RR (light lime green) stands for ‘Regular Rotation’, IR (lime green color) stands for ‘Irregular Rotation’, RM (light
salmon color) stands for ‘Regular Mixed’, and IM (lava red color) stands for ‘Irregular Mixed’. Points marked as black circles are associated
with different patterns. Phase subspaces representation of the (b) RO pattern (point 1), (c) IO pattern (point 2), (d) RR pattern (point 3), (e)
IR pattern (point 4), (f) RM pattern (point 5), and (g) IM pattern (point 6). The DPD is constructed with a grid of 1000× 1000 points of the
γ×Ω parameter space.

Figure 16 presents a series of DPDs associated with each
configuration previously described in table 2. By compar-
ing with the OPDs previously presented in figures 12–14, it
is noticeable that triggering a rotational or a mixed dynam-
ical pattern in the pendulum results in an enhanced perform-
ance outside the typical z̄-direction resonance zone due to the
contribution of the electromagnetic transducer. In fact, this
is the reason for the configurations with larger bandwidths

display a greater contribution to energy conversion from the
electromagnetic transducer. Furthermore, figure 16(l) sup-
ports the previous conclusions by showing the percentage
of each dynamical pattern within the DPD for each distinct
configuration.

Another crucial topic is the type of dynamical response
that yields the best performances. In this regard, from the 100
unique scenarios examined in section 3.3, the total percentage
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Table 4. Exact corresponding values of γ and Ω marked in the DPD of figure 15 used to exemplify the different dynamical patterns.

Point Classification γ Ω

1 RO 0.21012012012012 0.45023023023023
2 IO 0.05022022022022 0.814764764764765
3 RR 0.311161161161161 0.563773773773774
4 IR 0.384244244244244 0.370550550550551
5 RM 0.377377377377377 0.796836836836837
6 IM 0.25034034034034 0.860580580580581

Figure 16. Dynamical Patterns Diagrams (DPDs) for the classification of six different types of pendulum dynamical patterns. The DPDs are
associated with (a) Configuration 1, (b) Configuration 2, (c) Configuration 3, (d) Configuration 4, (e) Configuration 5, (f) Configuration 6,
(g) Configuration 7, (h) Configuration 8, (i) Configuration 9, (j) Configuration 10, (k) Configuration 11. Each diagram is constructed with a
grid of 1000× 1000 points of the γ×Ω parameter space. (l) Percentage of occurrence of each type of pattern for each configuration.
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Figure 17. Percentage of dynamical responses for the 100 scenarios studied in section 3.3. (a) Overall percentage with no filter, (b)
Percentage of attractors using the filter threshold of P̄norm # 0.3 considering the two transducers. (c) Percentage of attractors using the filter
threshold of P̄(pz)

norm # 0.3 considering only the piezoelectric transducer. (d) Percentage of attractors using the filter threshold of P̄(em)
norm # 0.3

considering only the electromagnetic transducer. Each color represents a distinct dynamical response. Overall, 25× 106 time series
considering unique combinations of 4 key parameters were used in the analysis.

of attractors is accounted for, as displayed in figure 17(a).
In essence, 25× 106 time series, considering different com-
bination of γ, Ω, Ωs and Ωφ parameters, are analyzed. It
is observed that 72% of the dynamical responses are regu-
lar 1T attractors, followed by 19.2% of hyperchaotic (HC)
ones. Chaotic (CH), 2T and MP also appear in smaller quant-
ities. Additionally, the amount of 3T, 4T and 5T attractors
is very small compared to the others. When the same ana-
lysis is performed, but only accounting for the dynamical
responses that are above the threshold of P̄norm # 0.3, as done
in the OCD analysis, the scenario reverses, as presented in
figure 17(b). In this case, the predominant attractor becomes
the hyperchaotic (HC) with 68.5%, followed by 15.7% of
1T attractors, and by 11.5% of Chaotic (CH) responses.
The remaining dynamical responses stay relatively the same.
Additionally, the same analysis with the same threshold is per-
formed for each transducer, as indicated in figures 17(c) and
(d). It is observed that the number of hyperchaotic responses
increases and the 1T responses decrease even more for the
electromagnetic transducer. Conversely, 1T attractors increase
and hyperchaotic attractors decrease for the piezoelectric
transducer.

To further investigate the regions of high performance and
corroborate the findings presented in figure 17, two config-
urations from each of figures 12–14 are selected. For each
chosen configuration, the overall average maximum output
power, P̄(max)

avg , for each value of excitation amplitude, γ, is
marked as colorful points in the corresponding configuration
OPD, as showed in figures 18–20. Grayscale colors within the

OPDs are used to reference the overall lower and higher out-
put powers. Colored points are the points of maximum output
power for each distinct value of γ, with the accompanying col-
orbar indicating their magnitude. The colorbars are truncated
within 50% of their maximum value for better representation.
The maximum output power magnitudes for each configura-
tion are displayed at the top of the pointing end of the col-
orbars. Constant values of γ (γ≈ 0.1, γ≈ 0.2 and γ≈ 0.3)
are selected, labeled with capital letters, and plotted below
the OPDs to display the bandwidths at each selected mag-
nitude of excitation. For each of the three selected values of
γ, its respective point of maximum is marked as red circles
and labeled with a number from 1 to 3. Their respective phase
subspaces and Poincaré maps are built: x̄× ˙̄x, representing the
x-direction, z̄× ˙̄z, representing the z-direction, φ̄× ˙̄φ, repres-
enting the angular subspace of the pendulum, and v̄× Ī repres-
enting the electrical coordinate domain.

Specifically, figure 18 depicts Configurations 1 and 2,
where the electromagnetic transducer predominantly contrib-
utes to energy conversion. The OPDs for these two cases are
represented in figures 18(a) and (b), demonstrating that the
points of maximum are clustered near the resonance regions.
Figures 18(b) and (c) present the frequency response for each
selected fixed γ, more clearly illustrating the wider bandwidth
associated with these configurations for distinct discrete mag-
nitudes of excitation. From figure 18(e) to (j), one can observe
the associated phase subspaces and Poincaré maps of each
point of maximummarked in figures 18(b) and (c). These sub-
spaces support the findings associated with figures 16 and 17,
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Figure 18. Maximum overall average output power, P̄(max)
avg , as a function of γ for (a) Configuration 1 and (b) Configuration 2. Panels (c)

and (d) display the slices A, B, C, and D, E, F, respectively of the OPDs for 3 values: γ≈ 0.1, γ≈ 0.2 and γ≈ 0.3. Red circles denote the
P̄(max)
avg of each slice. Four phase subspaces (x̄× ˙̄x, z̄× ˙̄z, φ̄× ˙̄φ, and v̄× Ī) and their Poincaré maps of the steady-state response are shown

representing red points (e) 1, (f) 2, and (g) 3 for Configuration 1, and red points (h) 1, (i) 2, and (j) 3 for Configuration 2. Phase subspaces’
colors represent the color code used in the entire work. The non-maximum values in the OPDs are plotted in grayscale in (a) and (b).

indicating that the dynamical responses associated with the
best performances are the hyperchaotic (HC) and 1T attract-
ors, respectively. Also, these performances must be associ-
ated with the triggering of the pendulum’s rotation or mixed
dynamical pattern, as all the selected points of maximum
show this characteristic, as highlighted in the φ̄× ˙̄φ phase
subspaces.

Figure 19 presents the same analysis for Configurations
4 and 6, where the contribution of both transducers is bal-
anced. In this scenario, the points of maximum within the
OPDs are more concentrated in a single cluster, resulting
in narrower, yet still significant, bandwidths. This is fur-
ther illustrated by the frequency response for each selected
value of γ, as presented in figures 19(c) and (d). The phase
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Figure 19. Maximum overall average output power, P̄(max)
avg , as a function of γ for (a) Configuration 4 and (b) Configuration 6. Panels (c)

and (d) display the slices G, H, I, and J, K, L, respectively of the OPDs for 3 values: γ≈ 0.1, γ≈ 0.2 and γ≈ 0.3. Red circles denote the
P̄(max)
avg of each slice. Four phase subspaces (x̄× ˙̄x, z̄× ˙̄z, φ̄× ˙̄φ, and v̄× Ī) and their Poincaré maps of the steady-state response are shown

representing red points (e) 1, (f) 2, and (g) 3 for Configuration 4, and red points (h) 1, (i) 2, and (j) 3 for Configuration 6. Phase subspaces’
colors represent the color code used in the entire work. The non-maximum values in the OPDs are plotted in grayscale in (a) and (b).

subspaces associated with the selected red points of max-
imum exhibit a consistent behavior, with more hyperchaotic
responses than periodic ones, as displayed from figures 19(e)
and (f). Figure 19(f) is particularly noteworthy as it shows
a 2T regular response at a point of maximum, representing
3.1%of the high-performance responses above the P̄norm # 0.3
threshold. Furthermore, another fact to highlight is that two
of the six selected red points of maximum do not show

pendulum rotation. The first is depicted in figure 19(g), show-
ing a high-amplitude regular oscillatory dynamical pattern
(RO), and the second is displayed in figure 19(h), showing
also RO pattern, but with low amplitude. The latter point
corresponds to the point of maximum of the J slice (yel-
low curve) showing that the high-amplitude pendulum’s
motion, in this case, commences at higher excitation
levels.
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Figure 20. Maximum overall average output power, P̄(max)
avg , as a function of γ for (a) Configuration 8 and (b) Configuration 10. Panels (c)

and (d) display the slices M, N, O, and P, Q, R, respectively of the OPDs for 3 values: γ≈ 0.1, γ≈ 0.2 and γ≈ 0.3. Red circles denote the
P̄(max)
avg of each slice. Four phase subspaces (x̄× ˙̄x, z̄× ˙̄z, φ̄× ˙̄φ, and v̄× Ī) and their Poincaré maps of the steady-state response are shown

representing red points (e) 1, (f) 2, and (g) 3 for Configuration 8, and red points (h) 1, (i) 2, and (j) 3 for Configuration 10. Phase subspaces’
colors represent the color code used in the entire work. The non-maximum values in the OPDs are plotted in grayscale in (a) and (b).

Figure 20 presents the same analysis for Configurations
8 and 10, where the piezoelectric transducer dominates the
energy conversion. These configurations represent the least
favorable scenario for the HMEH, characterized by a very nar-
row bandwidth. This is further illustrated by the red points
of maximum that are precisely concentrated at the reson-
ance region of the z̄-direction. It also supports the findings
of figure 17(c), which shows a high occurrence percentage of

1T attractors in the regions of high performance above the
P̄norm # 0.3 threshold. It is also important to highlight that
the pendulum fully rotates around its axis (presents a high-
amplitude motion) in only one selected red point of maximum.

In conclusion, this subsection effectively highlights the
association of hyperchaotic responses and the full rota-
tion of the pendulum with wider bandwidths and enhanced
performance.
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4. Conclusions

This work deals with an extensive numerical investigation of
theHMEH. TheHMEH is an evolution of the CPEH that offers
multidirectional capabilities through the inclusion of a pen-
dulum structure at the free end of the CPEH. To counteract
the pendulum’s role as a dynamical energy absorber, an addi-
tional electromagnetic transducer is attached to the base of the
pendulum to harness its rotational energy. A reduced-order
model is proposed to describe the main characteristics of the
HMEH, and a normalization procedure is done to generalize
the analysis.

A parametric analysis is conducted, focusing on two key
structural parameters, Ωs and Ωφ, and two excitation paramet-
ers, γ and Ω. Ωs represents the ratio between the natural fre-
quencies of the beam structure, while Ωφ represents the ratio
between the linearized natural frequency of the pendulum ele-
ment and the natural frequency in the piezoelectric polarized
direction. Greater values of Ωs represent wider beam widths
(a stiffer direction perpendicular to the piezoelectric element),
and vice versa, while greater values ofΩφ represent pendulum
elements with shorter lengths, and vice versa. γ represents the
magnitude of external excitation, while Ω represents the fre-
quency of external excitation.

The parametric analysis is based on a nonlinear dynam-
ics perspective framework based on parameter-space diagrams
developed to map and quantify important characteristics of the
system. Initially, system dynamics is assessed considering a
specific external source, revealing complex types of periodic,
quasi-periodic and aperiodic dynamical responses. Many of
these dynamical attractors are characterized by the pendulum
rotation, the pendulum oscillation around its equilibrium pos-
ition, or mixed patterns where both oscillation and rotation
occur.

Furthermore, it is demonstrated that a small change in any
of the chosen four parameters can result in a complete change
in the harvester’s performance characteristics. As a result, an
extensive array of 25× 106 time series simulations are per-
formed and compared to determine the best and the worst com-
bination of structural parameters in terms of energy harvest-
ing performance. Results show that configurationswith greater
values of Ωs combined with small values of Ωφ results in bet-
ter performances regarding the operational bandwidth of the
HMEH. In other words, configurations using beams with lar-
ger widths and wider pendulum lengths perform better than
configurations with the opposite characteristics.

Additionally, configurations that present the best per-
formances in terms of bandwidth demonstrated that both
transducers contribute significantly to the overall energy
conversion, but with the predominance of the electromag-
netic transducer. Moreover, configurations that present bal-
anced levels of contributions in energy conversion by both
transducers were demonstrated to have shorter bandwidths
with greater levels of maximum output power. Alternatively,
configurations that show the predominance of the piezoelectric
transducer demonstrated tiny bandwidths comparable to those

presented by the CPEH in the literature. These configurations
represent the worst-case scenario for the HMEH harvester.

Finally, a comparison among dynamical responses and pat-
terns is carried out, showing that the majority of dynamical
responses related to the overall higher performances are asso-
ciated with hyperchaotic attractors with 68.5% of occurrence,
followed by 1T attractors with 15.7% occurrence, and chaotic
with 11.5%occurrence. 2T regular responses present a 3.1%of
the total occurrences. Results suggest an association of larger
operational bandwidths with the irregular dynamical pattern
characterized by both oscillation and rotation of the pendulum
(irregular mixed).

In conclusion, this work underscores the importance of an
extensive numerical analysis based on a nonlinear dynam-
ics perspective to understand important characteristics of an
energy harvesting system. The analysis provided valuable
insights into the structural characteristics of the HMEH to
achieve higher performances in operational conditions that
require multidirectional capabilities.
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Appendix. Construction of 2D Diagrams

This appendix provides details of the method to construct dia-
grams utilized in the dynamical analysis of this work. All
diagrams are built based on an array of successive numer-
ical simulations of the dynamical system with different selec-
ted parameters. Given this intensive computational task, these
numerical simulations are performed using the fourth-order
Runge-Kutta scheme, considering a time step ∆τ ∝ 2π/Ω.
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Figure A.1. Relying on the monitoring of a single state variable of the Poincaré map points can lead to erroneous attractor classification due
to the alignment of points.

This approach allows for accurate qualitative observations
allied with performance.

The DRDs, OPDs, and DPDs are built with a grid of Nx×
Ny sample points, each of which is obtained from a time series
integration from τ 0 to τ f , considering a suitable integration
time step. A time τtrans is chosen to define that steady state is
reached, assumed to be τtrans = 0.815τf. Additionally, all the
samples share the same initial conditions to standardize the
analysis, being subjected to 800 external forcing periods, T.

A.1. Dynamical Response Diagrams (DRDs)

The DRDs can be used as a tool to map and quantify the
dynamical attractors of the system resulting from a specific
initial condition within a 2D parameter space of choice. From
each numerical integration sample, a behavior is classified. All
classifications are based on the Lyapunov exponent spectrum
and the verification of the steady state Poincaré map. Initially,
the first two Lyapunov exponents, λ1 and λ2, are analyzed.
The behavior is classified based on the values of these expo-
nents in which three behaviors are analyzed (periodic, chaotic
and hyperchaotic). A λ1 < 0 characterized periodic motion,
while λ1 > 0 and λ2 < 0 characterizes chaotic motion. If both
λ1 > 0 and λ2 > 0, the response is classified as hyperchaotic.
If the classification is chaotic or hyperchaotic, the classifica-
tion procedure is over. Otherwise, if the classification is peri-
odic (λ1 < 0), the Poincaré map of the steady state time series
sample is analyzed.

A list of values with all the points of the Poincaré map
is loaded, and the last point is used as the reference. Then,
the previous points are analyzed one by one until they find
an equal at the ith position. After that, if it finds another
equal value in the 2ith position, then it can be classified as
a i-periodic candidate, if not, it continues to analyze pre-
vious points until these two conditions are met. The same
procedure is done for all dimensions of the system, and the
greatest periodic behavior found is used as the final classi-
fication. The comparison of all state variables is needed as

limiting the observation to only one direction may yield mis-
leading results of smaller periodicity due to the alignment of
points in this direction, as indicated in figure A.1. A tolerance
of ptol = (xmax − xmin)Omethod for each state variable must be
placed when comparing the points, where xmax and xmin are the
maximum and minimum values of the state variable between
τtrans and τ f (steady state), and Omethod is the order of error of
the method of integration. The procedure depicting the com-
parison of the Poincaré map data is illustrated in figure A.2.
Different periodicities are classified by colors as discussed
in section 3. Regarding quasi-periodic behavior (λ1 = 0), the
algorithm considers it as a part of Many Periods classification
(MP), as also discussed in section 3.

A.2. Average OPDs

These diagrams are constructed in a way that for all numer-
ical integration samples within the two-dimensional parameter
space, the steady-state output power is computed using the
quantities presented in equation (26).

A.3. DPDs

The DPDs is an extension of the DRD that helps to identify
distinct types of dynamical patterns unique to the analyzed
dynamical system. In this case, it maps and identifies different
patterns of rotation related to the pendulum. For each integra-
tion sample, it monitors the coordinate transformed state space
of the pendulum φ̄× ˙̄φ and its associated dynamical attractor.
The process of coordinate transformation of φ̄ is discussed in
section 3.2, and it is done due to the phase subspace of the pen-
dulum being characterized by a cylinder topology. Based on
the minimum and maximum values of the angular position of
the pendulum, φ̄min and φ̄max, respectively, on the signal of the
angular velocity ˙̄φ, and on the dynamical response classifica-
tion of the DRD, it classified six different dynamical patterns
as summarized in table A.1. Each classification is represented
by a distinct color as presented in figure 16.
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Figure A.2. Procedure to classify periodic attractors using Poincaré map data. a, b and c are arbitrary numbers to represent the real data. x1,
x2, · · · , xn represent the n state variables within the state space of the system. Light gray arrows followed by a ‘×’ represent that the two
values compared are not equal. Alternatively, red arrows labeled as ‘=’ represent positive equality in the comparison (ith position). Finally,
the orange arrows labeled with a $ represent the 2ith position at which the value is equal to the ith position. The greatest orange value is
chosen as the final classification and, it is marked by the green checkmark.

Table A.1. Conditions for each dynamical pattern classification for the HMEH.

Dynamical Pattern Classification Conditions

RO (Regular Oscillation) • φ̄min >−π and φ̄max < π

• sgn( ˙̄φmin) %= sgn( ˙̄φmax)
• Attractor %= CH and Attractor %= HC

IO (Irregular Oscillation) • φ̄min >−π and φ̄max < π

• sgn( ˙̄φmin) %= sgn( ˙̄φmax)
• Attractor= CH or Attractor= HC

RR (Regular Rotation) • φ̄min !−π and φ̄max # π

• sgn( ˙̄φmin) = sgn( ˙̄φmax)
• Attractor %= CH and Attractor %= HC

IR (Irregular Rotation) • φ̄min !−π and φ̄max # π

• sgn( ˙̄φmin) = sgn( ˙̄φmax)
• Attractor= CH or Attractor= HC

RM (Regular Mixed) • φ̄min !−π and φ̄max # π

• sgn( ˙̄φmin) %= sgn( ˙̄φmax)
• Attractor %= CH and Attractor %= HC

IM (Irregular Mixed) • φ̄min !−π and φ̄max # π

• sgn( ˙̄φmin) %= sgn( ˙̄φmax)
• Attractor= CH or Attractor= HC

A.4. OCDs

The procedure to construct an OCD involves the progress-
ive analysis of different 2D diagram datasets. To illustrate
this concept, consider a generic system characterized by three
parameters: a, b and c. Within the parameter domain defined
by a× b, n distinct diagrams are generated, each repres-
enting a different value of the c parameter (c1,c2, . . . ,cn).
Suppose the goal is to visually depict the prevalence of the
red characteristic of the system and assess where, within the

a× b parameter domain, this characteristic is most prominent
for a range of values of c.

To achieve this, all data points exhibiting the red character-
istic are marked with the number 1, and all the remaining data
points that do not exhibit the characteristic with the number
0. By summing up the values of each point in their respective
locations within the parameter domain, the resulting dataset
is produced. This dataset indicates how frequently the red fea-
ture appears at each unique point within the parameter domain.
This procedure is illustrated in figure A.3.
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Figure A.3. Procedure to construct the occurrence diagrams (OCDs). Red points are related to the points that have the wanted
characteristic, while gray points do not have the wanted characteristic. For each red point, the location within the diagram is marked as 1,
while for each gray point, the location is marked as 0. The resulting occurrence dataset is the sum of all datasets.

Figure A.4. In the first row are displayed 3 pseudo-random diagrams used to construct the resulting OCD in the second row. The colorbar in
the second row represents the likelihood of the red characteristic to emerge within the a× b parameter space, based on the diagrams
provided to construct the resulting OCD.

Moreover, 400 pseudo-random data were generated to sim-
ulate a data collection, to provide a comprehensive view
of how the number of analyzed sample diagrams influences
the resulting OCD. In figures A.4(a)–(c), 3 of these data
collections are displayed in diagrams, which are used to con-
struct theOCD. The resultingOCD, presented in figureA.4(d),
indicates that the area within the parameter space a× b that the
red characteristic is mostly likely to emerge is predominantly

centered at the intersection of the three red areas. This serves
as a comprehensive illustration of the procedure outlined in
figure A.3. By increasing the number of diagram samples to
400, as exemplified in figureA.5, the resultingOCDundergoes
significant changes, displaying a notable shift in the region
where the red characteristic is more likely to emerge. This res-
ult shows that the increase in available data to construct the
OCD provides more accuracy in the predictions.
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Figure A.5. 400 pseudo-random diagrams are displayed and used to construct the resulting OCD displayed at the bottom. The colorbar
represents the likelihood of the red characteristic to emerge within the a× b parameter space, based on the diagrams provided to construct
the resulting OCD.
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